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Chapter 1

Algorithmic ”Solomonoff” Probability

1.1 Semimeasures

1.1.1 Definitions

Definition: Measure

A function µ : B∗ → R is a measure if

1. µ(ε) = 1,

2. µ(x) =
∑

b∈B µ(xb) for all x ∈ B∗.

Definition-Property: Uniform or Lebesgue measure

Let x ∈ B∗, we define the uniform measure as

λ(x) = 2−ℓ(x)

Definition: Semimeasures

A function µ : B∗ → R is a semimeasure if

1. µ(ε) ≤ 1,

2. µ(x) ≥ µ(x0) + µ(x1) for all x ∈ B∗.

Definition: Lower semicomputable semimeasures

A semimeasure µ is called lower semicomputable if µ is lower semicomputable. We
denote by Πsm the set of lower semicomputable semimeasures.
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1.1.2 Enumeration of lower semicomputable semimeasures

Algorithm: Partial mapping ⟨ϕ∗
lc ⟩

Π↗⇒Π∼
sm−−−−−−→ ⟨ νi ⟩

Let ϕ∗
lc be a strict lower approximation of a semimeasure. Let us define, for each integer

i ≥ 0, the computable function νi operating as follows:

Input : x ∈ B∗

Step 1. For each p ∈ B=i do:

– If 1 ≥ ϕlc(p, i) then

∗ Assign Ki
p ← i. [†]

– Else: Loop forever.

Step 2. For each j = i− 1, i− 2, . . . , 1, 0 do: [loop 1]

– For each p in B=j do: [loop 2]

∗ By enumerating ϕlc(p, 0), ϕlc(p, 1), . . . find the first (that is, the smallest)
K ∈ N satisfying the conditions opposite:

Ki
p ← min

{
K

∣∣∣∣∣ K ≥ i and

1 ≥ ϕlc

(
p,K

)
≥ ϕlc(p1, K

i
p1) + ϕlc(p0, K

i
p0)

}
[♯]

(Note that if such a K does not exist then the enumeration does not
terminate, thus the procedure loops forever)

Step 3. If Ki
x is not assigned:

– Write 0 as output and accept.

Else:

– Write ϕlc(x,K
i
x) as output and accept.

————————————————————————————————————–
Remark: For a given approximation ϕ∗

lc and integer i ≥ 0. The values Ki
p do not depend

on the input: The calls νi(x) and νi(x
′) assign the same (Ki

p)p∈B∗ . We define Ki
p = ∅ if

the variable Ki
p is not assigned in νi(·).

In the three following lemmas, we define (νi)i∈N as a sequence of partially computable
functions as defined by the algorithm below for a given strict lower approximation ϕ∗

lc.

Lemma: Analysis of Mmap

For all i ∈ N and p ∈ B∗ we have:

1. |p| > i =⇒ Ki
p = ∅.

2. Ki
p ̸= ∅ =⇒ ∀p′ satisfying i ≥ |p′| > |p| we have Ki

p′ ̸= ∅.

3. Ki+1
p ̸= ∅ =⇒ Ki

p ̸= ∅ and Ki+1
p ≥ Ki

p.

4. Ki
x ̸= ∅ and x ∈ dom(νi) =⇒ 1 ≥ νi(x).
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Proof. Let p ∈ B∗ and i ∈ N
1) The Ki

p are assigned either at [†] or at [♯]. In both cases |p| ≤ i, thus we necessarily
have that if |p| > i then Ki

p = ∅.

2) Assume that Ki
p ̸= ∅.

- Case |p| = i: This case is accounted for by hypothesis.

- Case |p| < i: For Ki
p ̸= ∅, it is necessary that, in loop 1, we had j = |p|. Now, as

this loop is decreasing, we necessarily obtain that the assignment in [♯] of the K i
p′ , for

i > |p′| > |p|, succeeded, that is Kp′ ̸= ∅.

3) Let i ∈ N . Let us proceed by downward induction on Pn with n ∈ {0, . . . , i}:

Pn : ”For all p ∈ B=n, if Ki+1
p ̸= ∅ then Ki

p ̸= ∅ and Ki+1
p ≥ Ki

p”

- Base case (n = i): Assume Ki+1
p ̸= ∅ for a p ∈ B=i. The variable Ki+1

p is assigned by
hypothesis, which by ♯ implies that Ki+1

p ≥ i+ 1 and 1 ≥ ϕ∗
lc(p,K

i+1
p ).

Moreover, due to the fact that ϕ∗
lc is a lower approximation, we have

ϕ∗
lc(p, i) ≤ ϕ∗

lc(p,K
i+1
p ) ≤ 1

Thus by step 1, we note that Ki
p = i will be assigned because the condition 1 ≥ ϕ∗

lc(p, i)
is satisfied and therefore Ki+1

p ≥ Ki
p. We have Pi true.

- Inductive step (0 < n ≤ i): Assume Pn and Ki+1
p ̸= ∅ for a p ∈ B=n−1. By point 2

we have Ki+1
p0 and Ki+1

p1 different from ∅ and therefore, by inductive hypothesis that

Ki
p1, K

i
p0 ̸= ∅ and also Ki+1

p1 ≥ Ki
p1 and Ki+1

p0 ≥ Ki
p0. Thus, by definition of a lower

approximation, we obtain respectively ϕ∗
lc(p1, K

i+1
p1 ) ≥ ϕ∗

lc(p1, K
i
p1) and ϕ∗

lc(p0, K
i+1
p0 ) ≥

ϕ∗
lc(p0, K

i
p0). We deduce

ϕ∗
lc(p1, K

i+1
p1 ) + ϕ∗

lc(p0, K
i+1
p0 ) ≥ ϕ∗

lc(p1, K
i
p1) + ϕ∗

lc(p0, K
i
p0).

Now by ♯ and knowing that Ki+1
p ̸= ∅, we necessarily have that

Ki+1
p = min{K | ϕ∗

lc(p,K) ≥ ϕ∗
lc(p1, K

i+1
p1 ) + ϕ∗

lc(p0, K
i+1
p0 )}

Thus, since ϕ∗
lc(p, ·) is non-decreasing, we have assignment (that is Ki

p ̸= ∅) in ♯ of

Ki
p = min{K | ϕ∗

lc(p,K) ≥ ϕ∗
lc(p1, K

i
p1) + ϕ∗

lc(p0, K
i
p0)}

such that Ki+1
p ≥ Ki

p. This establishes the inductive step.

4) Assume Ki
x ̸= ∅ and x ∈ dom(νi). Since Ki

x ̸= ∅, by step 3, νi(x) = ϕ∗
lc(x,K

i
x). The

inequality 1 ≥ ϕ∗
lc(x,K

i
x) is guaranteed by the construction of Ki

x:

- If |x| = i, Ki
x (which equals i) is assigned in step 1 only if the condition 1 ≥ ϕ∗

lc(x, i) is
satisfied. As Ki

x ̸= ∅, this condition is true.

- If |x| < i, Ki
x is chosen according to ♯, which imposes 1 ≥ ϕ∗

lc(x,K) for the chosen K.

In both cases, 1 ≥ ϕ∗
lc(x,K

i
x), and therefore 1 ≥ νi(x). ■
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Lemma: Partial mapping from ϕ∗
lc to νi

1. There exists an r ∈ N ∪∞ such that for all i ∈ {0, 1, 2, . . . , r} we have

∀x ∈ B∗, x ∈ dom(νi)

2. For all i ∈ {0, 1, 2, . . . , r}, we have that νi are semimeasures satisfying

∀x ∈ B∗, ν0(x) ≤ ν1(x) ≤ . . . ≤ νr(x).

3. If ϕ∗
lc

lc−→ µ a semimeasure then r =∞ and furthermore

∀x ∈ B∗, lim
i→∞

νi(x) = µ(x).

Proof. 1) Let x ∈ B∗. Let us define the set

Sx := {i ∈ N | x /∈ dom(νi)}

By construction of νi we note that x /∈ dom(νi) if and only if the ’Else’ branch of step 1 is
executed or if the search in ♯ fails. This is equivalent to the existence of a string p ∈ B≤i for
which Ki

p is not assigned, in other words,

i ∈ Sx ⇐⇒ ∃p ∈ B≤i such that Ki
p = ∅.

Consider i ∈ Sx. Thus there exists p ∈ B≤i such thatKi
p = ∅. According to the contrapositive

of point 3 of the previous Lemma (i.e. ’If Ki
p = ∅ then Ki+1

p = ∅’), we have Ki+1
p = ∅ and

therefore i+ 1 ∈ Sx. By repeating the reasoning starting from Ki+1
p = ∅ we show Ki+2

p = ∅
and so on.

Consequently, if i ∈ Sx, then k ∈ Sx for all k ≥ i. The set Sx is thus of the form
{r, r + 1, r + 2, . . . } for r = minSx or r =∞ if it does not exist.

- If r = ∞ then Sx = ∅. We thus have x ∈ dom(νi) for all i ∈ N . Point 1 of the lemma
is satisfied.

- If r ∈ N then Sx = {r, r + 1, r + 2, . . . }. Point 1 of the lemma is then satisfied:

* If i < r, then i /∈ Sx and x ∈ dom(νi).

* If i ≥ r, then i ∈ Sx and x /∈ dom(νi).

2) Let i ∈ {0, 1, . . . , r} be an integer. Let us show first that νi is a semimeasure. Let x be
in B∗.

By ♯ the variable Ki
ε is assigned if and only if 1 ≥ ϕ∗

lc(x,K
i
ε) hence 1 ≥ νi(ε). Moreover

if Ki
ε = ∅ then by the ’Else’ branch of step 3 we have νi(x) = 0. It remains for us to verify

νi(x) ≥ νi(x0) + νi(x1). Three cases are possible:

- Case |x| > i: In particular |x0| > i and |x1| > i. By point 1 of the previous lemma,
Ki

x = ∅, Ki
x0 = ∅ and Ki

x1 = ∅. By the ’Else’ branch of step 3 we have νi(x) = 0,
νi(x0) = 0 and νi(x1) = 0. The inequality 0 ≥ 0 + 0 is satisfied.

- Case |x| = i: Since i ≤ r, we have Ki
x ̸= ∅. The assignment is done in step 1, thus

Ki
x = i. By point 4 of the previous lemma, µi(x) = ϕ∗

lc(x,K
i
x) = ϕ∗

lc(x, i). Since
|x0| = i + 1 > i and |x1| = i + 1 > i, by point 1 of the previous lemma, Ki

x0 = ∅ and
Ki

x1 = ∅. By step 3, νi(x0) = 0 and νi(x1) = 0. The inequality becomes νi(x) ≥ 0 + 0.
As ϕ∗

lc produces non-negative values, ϕ∗
lc(x, i) ≥ 0, thus the inequality is satisfied.
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- Case |x| < i: Then |x0| = |x| + 1 ≤ i and |x1| = |x| + 1 ≤ i. Since i ≤ r, we have
Ki

x ̸= ∅ and by point 2 of the previous lemma Ki
x0 ̸= ∅ and Ki

x1 ̸= ∅. The assignment
of Ki

x is done in step 2 via ♯. This condition explicitly guarantees that Ki
x satisfies:

1 ≥ ϕ∗
lc(x,K

i
x) ≥ ϕ∗

lc(x0, K
i
x0) + ϕ∗

lc(x1, K
i
x1).

Since Ki
x, K

i
x0, K

i
x1 are different from ∅, point 4 of the previous lemma applies and

νi(p) = ϕ∗
lc(p,K

i
p) for p ∈ {x, x0, x1}. By substituting into the previous inequality, we

obtain νi(x) ≥ νi(x0) + νi(x1).

It remains for us to show that νi(x) ≤ νi+1(x) for i < r. Let us now consider an integer
i such that i < r. Then i + 1 ≤ r. Consequently, for all x ∈ B∗ we have x ∈ dom(νi) and
x ∈ dom(νi+1). Consider x ∈ B∗.

- Case |x| > i: By point 1 of the previous lemma, Ki
x = ∅. By step 3, νi(x) = 0. Since

νi+1(x) ≥ 0 (as it is a semimeasure), we have νi(x) ≤ νi+1(x).

- Case |x| ≤ i: Since i ≤ r, we have Ki
x ̸= ∅. As i + 1 ≤ r, we also have Ki+1

x ̸= ∅.
By point 3 of the previous lemma, the hypothesis Ki+1

x ̸= ∅ implies Ki+1
x ≥ Ki

x. By
definition of a strict lower approximation, the function ϕ∗

lc(x, ·) is non-decreasing. Thus
Ki+1

x ≥ Ki
x implies:

ϕ∗
lc(x,K

i+1
x ) ≥ ϕ∗

lc(x,K
i
x)

Since Ki
x ̸= ∅ and Ki+1

x ̸= ∅, and x ∈ dom(νi+1) and x ∈ dom(νi+1), point 4 of the
previous lemma applies for i and i + 1: νi(x) = ϕ∗

lc(x,K
i
x) and νi+1(x) = ϕ∗

lc(x,K
i+1
x ).

By combining these results, we obtain νi+1(x) ≥ νi(x).

3) Assume that there exists a semimeasure µ satisfying ϕ∗
lc

lc−→ µ. First, let us show by
contradiction that r = ∞. If r < ∞, the construction of νr fails for a string p of minimal
length |p| ≤ r.

• If |p| = r, the failure occurs at step †, implying 1 < ϕ∗
lc(p, r). Now, ϕ

∗
lc(p, r) < µ(p) ≤ 1

because ϕ∗
lc is a strict approximation and µ a semimeasure. This is a contradiction.

• If |p| < r, the failure occurs at step ♯. This means that for all K ≥ r, ϕ∗
lc(p,K) <

ϕ∗
lc(p0, K

r
p0)+ϕ∗

lc(p1, K
r
p1). By passing to the limitK →∞, we obtain µ(p) ≤ ϕ∗

lc(p0, K
r
p0)+

ϕ∗
lc(p1, K

r
p1). By the strict character of the approximation, the right hand side is strictly

less than µ(p0) + µ(p1). We thus obtain µ(p) < µ(p0) + µ(p1), which contradicts µ
being a semimeasure.

Both cases leading to a contradiction, we conclude that r = ∞. Consequently, the sequence
(νi(x))i∈N is well-defined for all x. It is non-decreasing (point 2 of the lemma) and bounded
by µ(x) because νi(x) = ϕ∗

lc(x,K
i
x) < µ(x). It therefore converges to a limit L ≤ µ(x). By

construction, Ki
x ≥ i for all i ≥ |x|, which implies limi→∞ Ki

x =∞. By composition of limits:

lim
i→∞

νi(x) = lim
i→∞

ϕ∗
lc(x,K

i
x) = µ(x)

■
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Lemma: Mapping ⟨ϕ∗
lc ⟩

⟨ T <
lc ⟩⇒⟨ Tsc ⟩−−−−−−−−→ ⟨ϕsc ⟩

Let ϕ∗
lc be a strict lower approximation. Then there exists a function ϕsc such that:

1. ϕsc is a lower approximation of a semimeasure.

2. If ϕ∗
lc is a strict lower approximation of a semimeasure µ, then ϕsc is a lower

approximation of µ.

Proof. 1) We reuse the definitions and notations of the previous lemma, that is, there exist
partial computable functions (νi)i∈N and an integer r ∈ N ∪ {∞} which satisfy the points of
the lemma. Let us define the function µ′ : B∗ → R ∪ {∞} as:

µ(x) := sup
0≤i<r

νi(x)

The function µ′ is a semimeasure. Indeed, the semimeasure properties of the νi (namely
νi(ε) ≤ 1 and νi(x) ≥ νi(x0) + νi(x1)) are preserved by taking the supremum. Let us
introduce the notation νi(x)[k] corresponding to the result of the computation of νi(x) if it
halts in at most k steps. Let us set, for all x ∈ B∗ and k ∈ N :

ϕsc(x, k) := max ({0} ∪ {νi(x)[k] | 0 ≤ i ≤ k and νi(x)[k] is defined})

Let us verify that ϕsc is a lower approximation of µ′.

Let us justify that ϕsc is total computable. For fixed inputs x, k and i, the computation
νi(x)[k] requires a finite number of steps. Thus, knowing that 0 ≤ i ≤ k, the number of steps
to calculate ϕsc(x, k) is therefore finite.

Let us justify that ϕsc(x, ·) is non-decreasing for all x. The function ϕsc seeks the maximum
of a set that grows in the sense of inclusion with respect to k. Consequently, ϕsc(x, k) ≤
ϕsc(x, k + 1) for all k.

It remains for us to prove that limk→∞ ϕsc(x, k) = µ′(x). Let x ∈ B∗. By construction,
each νi(x)[k] is less than or equal to νi(x), which is itself less than or equal to µ′(x). Thus,
ϕsc(x, k) ≤ µ′(x) for all k, and the limit is bounded by µ′(x). Conversely, for all y < µ′(x),
there exists by definition of the supremum an i0 < r such that νi0(x) > y. The computation of
νi0(x) being a terminating procedure, there exists a number of steps k0 after which it produces
this result. Then, for all k ≥ max(i0, k0), the term νi0(x)[k] is defined and equal to νi0(x).
Therefore, for these k, we have ϕsc(x, k) ≥ νi0(x) > y. Since this is true for all y < µ′(x), the
limit is equal to µ′(x).

2) Assume that ϕ∗
lc is a strict lower approximation of a semimeasure µ. According to

point 3 of Lemma 2, this hypothesis implies that r =∞ and that for all x ∈ B∗, the sequence
(νi(x)) converges to µ(x). In this case, the semimeasure µ′ constructed above is µ:

µ′(x) = sup
i≥0

νi(x) = lim
i→∞

νi(x) = µ(x)

Since we have established that ϕsc is a lower approximation of µsm, it is consequently a lower
approximation of µ. ■



1.1. SEMIMEASURES 9

Definition-Theorem: Compact enumeration of lower approximations of Πsm

We call a compact enumeration of lower approximations of semimeasures a total com-
putable function πsm : i ∈ N 7→ ⟨ϕsm,i ⟩ ∈ ⟨ Tsc ⟩ such that

∀µ ∈ Πsm, ∃i ∈ N , πsm(i) = ⟨ϕsm,i ⟩ and ϕsm,i
lc−→ µ

with the convention that ⟨ϕsm,i ⟩ is the code of a Turing machine in ⟨ Tsc ⟩ that computes
the function ϕsm,i.

Proof. Let π<
lc be an effective enumeration of ⟨ T <

lc ⟩. Let us set πsm a computable function
with the following behavior:

For an input i ∈ N :

– Assign ⟨ϕ∗
lc,i ⟩ ← π<

lc(i).

– Apply the Mapping ⟨ϕ∗
lc,i ⟩

⟨ T ⟩⇒⟨ Tsc ⟩−−−−−−−→ ⟨ϕsm,i ⟩.
– Accept the input with ⟨ϕsm,i ⟩ as output.

Let us prove that π<
lc is a compact enumeration of ⟨ T <

lc ⟩. Let ϕlc be a lower approximation of
a function f . By definition of π, there exists i ∈ N such that π<

lc(i) = ⟨ϕ∗
lc ⟩. Thus according

to the Mapping, ⟨ϕsm,i ⟩ is the code of a lower approximation which satisfies ϕsm,i
l.c−→ µ. ■

1.1.3 Universal lower semicomputable semimeasure

Definition-Theorem: Universal semimeasure

A function M : B∗ → R ∪ {∞} is a universal semimeasure if it satisfies the following
two conditions:

1. M is a lower semicomputable semimeasure (i.e., M ∈ Πsm).

2. For every semimeasure µ ∈ Πsm, there exists a constant cµ > 0 such that for all
x ∈ B∗:

M(x) ≥ cµ · µ(x)

Moreover, such a universal semimeasure exists.

Proof. Let π : i 7→ ⟨ϕsm,i ⟩ be a compact enumeration of lower approximations. Let

ϕsm,i
lc−→ µi for every integer i. We then have that (ϕsm,i)i∈N is an enumeration of all lower

semicomputable semimeasures. Let α : N → R+ be a function in Π↗ lower approximated by
ϕα and satisfying α(i) > 0 for all i and

∑∞
i=0 α(i) ≤ 1. Such a function exists, for example

the computable function α(i) = 2−(i+1). Let us define the function M by:

M(x) :=
∞∑
i=0

α(i)µi(x)

Let us show that M is a lower semicomputable semimeasure and then that it is universal:

Let us justify thatM ∈ Πsm. For this, let us set the function Φ(x, k) :=
∑k

i=0 ϕα(i, k)ϕsm,i(x, k)
and show that it is a total lower approximation of M. We already have, for any string x, that
Φ(x, ·) is non-decreasing by monotonicity of ϕα and ϕsm,i(x, ·). We obtain by letting k →∞:
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• M(ε) =
∑

i α(i)µi(ε) ≤
∑

i α(i) ≤ 1.

• M(x0) +M(x1) =
∑

i α(i)(µi(x0) + µi(x1)) ≤
∑

i α(i)µi(x) = M(x).

Let us justify that M is universal. For any semimeasure µj ∈ Πsm and any string x ∈ B∗,

M(x) =
∞∑
i=0

α(i)µi(x) ≥ α(j)µj(x)

Let us then set cj = α(j), we obtain M(x) ≥ cj · µj(x). ■

Convention:

In the rest of this course, we set M to be any universal lower semicomputable semimea-
sure.

1.2 Solomonoff Semimeasure

1.2.1 Definitions

Definition-Property: Solomonoff Semimeasure

Let Mmt be a monotone Turing machine. The Solomonoff semimeasure associated with
Mmt, denoted by λMmt , is the function from B∗ to [0, 1] defined by:

λMmt(x) :=
∑

⌊p |Mmt(p)=x∗⌋

2−ℓ(p)

This function is a lower semicomputable semimeasure. The set of semimeasures thus
defined is denoted by ΠSol.

Proof. Let Mmt be a monotone Turing machine. For any string y ∈ B∗, we denote Sy =
{q ∈ B∗ |Mmt(q) = y∗} and Py = ⌊Sy⌋ the set of minimal programs in Sy for the prefix order.

The first condition, λMmt(ϵ) ≤ 1, is a direct consequence of Kraft’s inequality. The set Pϵ

is, by definition of ⌊·⌋, a prefix-free set. Thus,
∑

p∈Pϵ
2−ℓ(p) ≤ 1.

It remains to demonstrate the second condition, λMmt(x) ≥ λMmt(x0) + λMmt(x1) for all
x ∈ B∗. We first establish that the union Px0 ∪ Px1 is a prefix-free set. The sets Px0 and
Px1 are disjoint, because the output of a single program cannot simultaneously start with
the incompatible prefixes x0 and x1. Moreover, no element p1 ∈ Px0 can be a prefix of an
element p2 ∈ Px1 (or conversely). Indeed, if p1 ≤p p2, the monotonicity of Mmt would imply
Mmt(p1) ≤p Mmt(p2), which would contradict the incompatibility of the output prefixes x0
and x1. Since Px0 and Px1 are themselves prefix-free, their union is also so.

Let us next show that every string in Px0 ∪ Px1 has a prefix in Px. Let p ∈ Px0 ∪ Px1.
By definition, Mmt(p) starts with x0 or x1, therefore p ∈ Sx. The set {t ∈ Sx | t ≤p p}
is non-empty (since it contains p) and finite. Let p′ be one of its minimal elements for the
order ≤p. By construction, p′ ∈ Sx and p′ ≤p p. Moreover, p′ is necessarily an element of Px.
Suppose, for the sake of contradiction, that p′ /∈ Px. Then, by definition of Px, there would
exist a proper prefix s ≤p p

′ such that s ∈ Sx. By transitivity, s ≤p p, which would contradict
the minimality of p′ in the considered set. Therefore, p′ ∈ Px.
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Let us show that
⋃

p∈Px0∪Px1
Γp ⊆

⋃
p∈Px

Γp. Let Γp be a cylinder in the left union, with
p ∈ Px0 ∪ Px1. According to what we have shown in the previous paragraph, there exists a
p′ ∈ Px such that p′ ≤p p. We then deduce the inclusion of the cylinders Γp ⊆ Γp′ . As p

′ ∈ Px,
the cylinder Γp′ is itself included in the right union. Consequently, Γp is also included in the
right union, which proves the global inclusion.

Since Px and Px0 ∪ Px1 are prefix-free sets, the cylinders in each union are disjoint. The
value of λMmt thus coincides with the measure of the corresponding union. We have:

λMmt(x) =
∑
p′∈Px

2−ℓ(p′) = λ

( ⋃
p′∈Px

Γp′

)

and, using that Px0 and Px1 are disjoint,

λMmt(x0) + λMmt(x1) =
∑

p∈Px0∪Px1

2−ℓ(p) = λ

( ⋃
p∈Px0∪Px1

Γp

)

The monotonicity of the measure λ, applied to the inclusion of the unions of cylinders, then
leads to the sought inequality:

λMmt(x0) + λMmt(x1) ≤ λMmt(x)

This completes the proof that λMmt is a semimeasure. ■

1.2.2 ΠSol ⊂ Πsm

Lemma:

Let (Lk)k∈N be a sequence of languages in B∗ increasing in the sense of inclusion. Let
us set L =

⋃
k∈N Lk and Λk =

⋃
p∈⌊Lk⌋ Γp. Then:

1. The sequence of sets (Λk)k∈N is increasing for inclusion.

2. The limit of this sequence is limk→∞ Λk =
⋃

p∈⌊L⌋ Γp.

Proof. 1) Let w ∈ Uk. By definition, there exists p ∈ ⌊Lk⌋ such that p ≤p w. Since
Lk ⊆ Lk+1, we have p ∈ Lk+1. There exists therefore a minimal prefix q ∈ ⌊Lk+1⌋ of p, such
that q ≤p p. By transitivity, q ≤p w, thus w ∈ Γq ⊆ Λk+1. The inclusion Λk ⊆ Λk+1 is thus
demonstrated.

2) The sequence (Λk) being increasing, its limit is its union. The equality to prove becomes:⋃
k∈N

Λk =
⋃

p∈⌊L⌋

Γp

We demonstrate it by double inclusion:
⊂ : Let w ∈

⋃
k Uk. There exists k and p ∈ ⌊Lk⌋ such that p ≤p w. Since p ∈ Lk ⊆ L,

there exists a minimal prefix q ∈ ⌊L⌋ such that q ≤p p. By transitivity, q ≤p w, which implies
w ∈

⋃
p′∈⌊L⌋ Γp′ .

⊃ : Let w ∈
⋃

p∈⌊L⌋ Γp. There exists p ∈ ⌊L⌋ such that p ≤p w. By definition of ⌊L⌋, we
have p ∈ L and no proper prefix of p belongs to L. As L =

⋃
k Lk, there exists a rank k0 such



12 CHAPTER 1. ALGORITHMIC ”SOLOMONOFF” PROBABILITY

that p ∈ Lk0 . Moreover, no proper prefix of p belonging to L, consequently none belongs to
Lk0 . These two points are the very definition of p ∈ ⌊Lk0⌋. Thus, w ∈ Γp ⊆ Λk0 ⊆

⋃
k Λk. ■

Theorem: ΠSol ⊆ Πsm

For any monotone Turing machine Mmt, the Solomonoff semimeasure λMmt is lower
semicomputable.

Proof. Let Mmt be a monotone Turing machine. Let ϕsc operate as follows:

For an input ⟨ x, k ⟩ in ⟨B∗,N ⟩ do:
– For p0, p1, . . . in lexicographical order, assign

Pk ← {pi | x ≤p Mmt(pi | k) and 0 ≤ i ≤ k}

– Calculate ⌊Pk⌋ then write
∑

p∈⌊Pk⌋ 2
−ℓ(p) as output before accepting.

Let us justify that ϕsc is total computable. Consider the call ϕsc(x, k). The assignment
of Pk requires the computation of Mmt(pi | k) for 0 ≤ i ≤ k which requires a finite number
of steps. The computation of ⌊Pk⌋ is effective: Keep the first element of Pk only if all other
elements of Pk are not compatible with the first. Do the same with the second, the third
... until the last. The set of kept elements is then ⌊Pk⌋. Finally, the output

∑
p∈P ′

k
2−ℓ(p) is

calculated before acceptance. The call ϕsc(x, k) terminates.

Let x ∈ B∗. Let us denote Px,k the sets assigned in the calls ϕsc(x, k) for k ∈ N . We
note that (Pk)k∈N is increasing by inclusion, and its union P :=

⋃
k Pk is precisely the set

{p ∈ B∗ |Mmt(p) = x∗}. This will allow us to apply the previous lemma in what follows.

The output of the machine is ϕsc(x, k) =
∑

p∈⌊Pk⌋ 2
−ℓ(p). By definition:

ϕsc(x, k) = λ

 ⋃
p∈⌊Pk⌋

Γp


Moreover, the Solomonoff semimeasure is written λMmt(x) = λ(

⋃
p∈⌊Lx⌋ Γp). Let us show in

the following that ϕsc is a lower approximation of λMmt :

• Let us prove that ϕsc(x, ·) is non-decreasing. According to point 1 of the previous lemma,
the sequence of sets Λk :=

⋃
p∈⌊Pk⌋ Γp is increasing for inclusion. By monotonicity of

the measure λ, the sequence of their measures (λ(Λk))k∈N is non-decreasing. Now,
ϕsc(x, k) = λ(Λk), therefore ϕsc(x, k) ≤ ϕsc(x, k + 1).

• Let us prove that limk→∞ ϕsc(x, k) = λMmt(x). By continuity of the measure on an
increasing sequence of sets, the limit of the measure is the measure of the limit:

lim
k→∞

ϕsc(x, k) = lim
k→∞

λ(Λk) = λ
(
lim
k→∞

Λk

)
Using point 2 of the previous lemma, we deduce:

lim
k→∞

Λk =
⋃

p∈⌊P ⌋

Γp
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Combining these two equalities, we obtain:

lim
k→∞

ϕsc(x, k) = λ

 ⋃
p∈⌊P ⌋

Γp

 = λMmt(x)

In summary ϕsc is total, non-decreasing with respect to its second component, and converges
to λMmt(x). It is therefore a lower approximation, which proves that λMmt ∈ Πsm. ■

1.2.3 ΠSol ⊃ Πsm

Lemma: Construction of dyadic interval Θk

Let ϕ∼
lc be a compatible increasing dyadic approximator. Let ∆k(x) := ϕ∼

lc(x, k) −
ϕ∼
lc(x, k − 1), with the convention ∆−1(x) = 0. For all k ∈ N and x = x1x2 . . . xl ∈ B∗,

by recurrence on 0 ≤ i < l, let us also set

νk(x1:i+1) :=

{
νk(x1:i) if xi+1 = 0

νk(x1:i) + ∆k(x1:i0) if xi+1 = 1

where νk(ε) :=
∑k−1

j=0 ∆j(ε) and x1:0 := ε. We then define the sets:

Θk(x) := [νk(x), νk(x) + ∆k(x)[ and Θ(x) :=
∞⋃
k=0

Θk(x)

We then have for all x, y ∈ B∗ and k ∈ N that

1. x ≤p y =⇒ Θk(y) ⊆ Θk(x)

2. ∀k′ ̸= k, Θk(x) ∩Θk′(y) = ∅

3. x, y incompatible =⇒ Θk(x) ∩Θk(y) = ∅

4. λ(Θk(x)) = ∆k(x)

5. νk(x) is dyadic and Θk(x) has dyadic endpoints (i.e. of the form [ n
2i
, n′

2i
′ [)

Proof. Let x, y ∈ B∗ and k ∈ N . Let us show the points of the lemma in order.

1) Assume x <p y and let us show that Θk(y) ⊊ Θk(x). Let σ ∈ B∗ \ ε such that y = xσ.
We proceed by induction on the length of σ:

Base case (|σ| = 1): Let y = xσ with |σ| = 1. We thus have σ ∈ B, that is to say two
possible cases:

- If σ = 0 then y = x0. Exploiting the definition νk(x0) = ν(x) we obtain

Θk(x0) = [νk(x0), νk(x0) + ∆k(x0)[= [νk(x), νk(x) + ∆k(x0)[

By points 3 and 6 of the definition of a compatible increasing dyadic approximation
machine we have respectively ∆k(x1) ≥ 0 and ∆k(x) ≥ ∆k(x0) + ∆k(x1) which gives

νk(x) + ∆k(x0) ≤ νk(x) + ∆k(x0) + ∆k(x1) ≤ νk(x) + ∆k(x)
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Thus we obtain

Θk(x0) = [νk(x), νk(x) + ∆k(x0)[⊂ [νk(x), νk(x) + ∆k(x)[= Θk(x)

that is Θk(x0) ⊆ Θk(x).

- If σ = 1 then y = x1. Exploiting that, by definition, νk(x0) = ν(x) +∆k(x0) we obtain

Θk(x1) = [ νk(x1), νk(x1) + ∆k(x1) [= [νk(x) + ∆k(x0), νk(x) + ∆k(x0) + ∆k(x1) [

However, by points 3 and 6 of the definition of a compatible increasing dyadic approxi-
mation machine we have respectively ∆k(x0) ≥ 0 and ∆k(x) ≥ ∆k(x0) +∆k(x1) which
gives {

νk(x) + ∆k(x0) ≥ νk(x)

νk(x) + ∆k(x0) + ∆k(x1) ≤ νk(x) + ∆k(x)

that is Θk(x1) ⊂ Θk(x).

Inductive step (|σ| = n): Assume that for all σ of length n ≥ 1 we have Θk(xσ) ⊂ Θk(x).
Let y = xσb with |σ| = n and b ∈ {0, 1}. According to the base case, Θk((xσ)b) ⊂ Θk(xσ).
Moreover, by the induction hypothesis we have Θk(xσ) ⊂ Θk(x). Which, by transitivity of
inclusion, gives Θk(y) ⊂ Θk(x) and thus proves the inductive step.

2) According to point 1, for all x ∈ B∗, we have Θk(x) ⊆ Θk(ε). It therefore suffices to
show that the intervals Θk(ε) and Θk′(ε) are disjoint for k ̸= k′.

Let us set for this Sk :=
∑k−1

j=0 ∆j(ε). By definition, Θk(ε) = [νk(ε), νk(ε) + ∆k(ε)] =
[Sk, Sk +∆k(ε)]. The interval can thus be written Θk(ε) = [Sk, Sk+1].

Let k, k′ in N be distinct. Without loss of generality, assume k < k′. We then have
k + 1 ≤ k′. The supremum of the interval for k is sup(Θk(ε)) = Sk+1. The infimum of the
interval for k′ is inf(Θk′(ε)) = Sk′ .

By definition of Sk, and since ∆j(ε) ≥ 0 for all j, the sequence (Sk)k∈N is increasing.
Therefore, Sk+1 ≤ Sk′ . Thus, sup(Θk(x)) ≤ Sk+1 ≤ Sk′ ≤ inf(Θk′(y)). The intervals Θk(x)
and Θk′(y) are therefore disjoint.

3 ) Assume x, y are incompatible. Let z be their longest common prefix, that is x = z0σ
and y = z1τ (without loss of generality). By definition{

Θk(z0) = [νk(z0), νk(z0) + ∆k(z0)[= [νk(z), νk(z) + ∆k(z0)[

Θk(z1) = [νk(z1), νk(z1) + ∆k(z1)[= [νk(z) + ∆k(z0), νk(z) + ∆k(z0) + ∆k(z1)[

As ∆k(z0) ≥ 0 we remark Θk(z0) ∩ Θk(z1) = ∅. Moreover by point 1, knowing that z0 ≤p

x and z1 ≤p y, we have respectively Θk(x) ⊂ Θk(z1) and Θk(y) ⊂ Θk(z1). We deduce
Θk(x) ∩Θk(y) = ∅.

4) Let x ∈ B∗. By definition of Θk(x) we immediately obtain the result

λ(Θk(x)) = (νk(x) + ∆k(x))− νk(x) = ∆k(x)

5) Let us show that for all z, νk(z) is dyadic and Θk(z) is a dyadic interval. Let us proceed
by induction on the size of |z|.
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Base case (|z| = 0): Of course, |z| = 0 implies that z = ε. Now, dyadic numbers are
closed under addition and subtraction. Thus νk(z) = νk(ε) :=

∑k−1
j=0 ∆j(ε) is dyadic and

Θk(z) = [νk(z), νk(z) + ∆k(z)[ is an interval with dyadic endpoints.

Inductive step (|z| = n): Assume that νk(z) is dyadic. By closure of dyadic numbers
under addition, νk(z0) := νk(z) and νk(z1) := νk(z)+∆k(z0) are dyadic. Thus we have [that]
Θ(z0) = [νk(z0), ν(z0) + ∆k(z0)[ and Θ(z1) = [νk(z1), ν(z1) + ∆k(z1)[ are intervals with
dyadic endpoints, which establishes the inductive step. ■

Algorithm: Mapping ϕ∼
lc

Πsm⇒ΠSol−−−−−−→Mmt

For ϕ∼
lc a compatible increasing dyadic lower approximator. Recall that Ip corresponds

to the binary interval associated with p ∈ B∗. Let us define the Turing machine Mmt

which operates as follows:

Input : p ∈ B∗, (and let p := p1p2 . . . pl)

Step 1. Assign sequentially:

– kp ← min{j ∈ N | Ip ⊂ [
∑j−1

t=0 ∆(ε, t),
∑j

t=0∆(ε, t)[ }
(Obtained by iterating j = 0, 1, 2, . . . up to the first j satisfying it, denoted
by kp)

– κ(ε)← ϕ∼
lc(ε, kp)

– i← 0

– s0 ← ε

Step 2. Three cases are possible:

(i) Case Ip ⊂ [κ(si), κ(si) + ∆(si0, kp) [ then assign:

∗ κ(si0)← κ(si)

∗ si+1 ← si0

(ii) Case Ip ⊂ [κ(si) + ∆(si0, kp), κ(si) + ∆(si1, kp) + ∆(si0, kp) [ then assign:

∗ κ(si1)← ∆(si0, kp) + κ(si)

∗ si+1 ← si1

(iii) If cases (i) and (ii) fail then:

∗ Loop forever ⟲ Mmt(p)

Write si+1 to output (Appending to the end of the output tape to preserve the
monotonicity of the output), assign i← i+ 1 then Repeat Step 2.

Note that we cannot use the fact that Mmt is a monotone Turing machine in the following
lemma. This is shown in the subsequent lemma.

Lemma: Mmt corresponds to Θk

Let us resume the definitions of νk(x) and Θk(x) from the previous lemma. Let Mmt be
the Turing machine defined by the algorithm below for a ϕ∼

lc. For k ∈ N and x ∈ B∗ let
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us set the set
P k
x := {p ∈ B∗ |Mmt(p) = x ∗ and Ip ⊂ Θk(x)}

We then have for all k ∈ N and x ∈ B∗ that:

1. For all p such that Ip ⊂ Θk(x), we have kp = k.

2. For all p such that Ip ⊂ Θk(x), we have Mmt(p) = x∗.

3.
⋃
p∈Pk

x

Ip = Θk(x).

Proof. Let k ∈ N and x = x1 . . . xl ∈ B∗.

1) Assume Ip ⊂ Θk(x). By step 1 of the algorithm, kp is defined as the smallest integer j

such that Ip ⊂
[∑j−1

t=0 ∆(ε, t),
∑j

t=0 ∆(ε, t)
[
. By definition of the intervals Θ, this condition

is Ip ⊂ Θkp(ε).
On the other hand, our initial hypothesis is Ip ⊂ Θk(x). Since ε ≤p x, point 1 of the

lemma ”Construction of dyadic interval” guarantees that Θk(x) ⊆ Θk(ε). By transitivity of
inclusion, we therefore have Ip ⊂ Θk(ε).

We have thus shown that Ip ⊂ Θkp(ε) and Ip ⊂ Θk(ε). Now, point 2 of the lemma
”Construction of dyadic interval” states that the sets Θj(ε) are disjoint for j ̸= j′. Since Ip is
a non-empty interval contained in their intersection, it is necessary that the indices be equal.
Thus, kp = k.

2) Let p ∈ B∗ and assume Ip ⊂ Θk(x). Let (si)i and κ(·) be the variables assigned in
the call Mmt(p). We will show by induction on i ∈ {0, . . . , l} that the algorithm successively
generates the prefixes of x. Let us set the loop invariant I(i), which is verified at the beginning
of iteration i+ 1 of step 2:

I(i) : si = x1:i, κ(si) = νk(si), and Ip ⊂ Θk(si)

Initialization (i = 0): By step 1 of Mmt we necessarily have

• s0 = ε = x1:0

• kp = k (according to point 1). Thus κ(ε) = ϕ∼
lc(ε, k) =

∑k−1
j=0 ∆j(ε) = νk(ε) = νk(s0)

• The hypothesis Ip ⊂ Θk(x) and the fact that x1:0 = ε ≤p x imply Ip ⊂ Θk(x) ⊆
Θk(x1:0) = Θk(s0)

The invariant I(0) is therefore verified.

Inductive step (0 ≤ i < l): Assume the invariant I(i) is true, that is si = x1:i, κ(si) =
νk(si) and Ip ⊂ Θk(si). Since i < l, the algorithm must necessarily still write bits to the
output, hence the exclusion of case (iii), (because this case implies that ⟲ Mmt loops forever
without writing any more to the output). We then have the execution of either case (i) or
case (ii) to produce the next bit, xi+1:

• Case xi+1 = 0: By the invariant I(i) we have Ip ⊂ Θk(x1:i). Moreover, by the inclusion
Θk(x) ⊆ Θk(x1:i+1) (by point 1 of the lemma ”Construction of dyadic interval”), this
gives Ip ⊂ Θk(x1:i+1).
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By definition of Θk(x1:i0) and using I(i) and νk(x1:i0) = νk(x1:i), we have:

Θk(x1:i0) = [νk(x1:i), νk(x1:i) + ∆k(x1:i0)[= [κ(si), κ(si) + ∆k(si0)[

This is precisely condition (i), hence its execution:{
si+1 ← si0 = x1:i+1

κ(si+1)← κ(si)

We then have by definition of νk that κ(si+1) = νk(x1:i+1). The conditions of I(i + 1)
are verified.

• Case xi+1 = 1: By the invariant I(i) we have Ip ⊂ Θk(x1:i). Moreover, by the inclusion
Θk(x) ⊆ Θk(x1:i+1) (by point 1 of the lemma ”Construction of dyadic interval”), this
gives Ip ⊂ Θk(x1:i+1).

By definition of Θk(x1:i1) and using I(i) and νk(x1:i1) = νk(x1:i) + ∆k(x1:i0), we have:

Θk(x1:i1) = [νk(x1:i) + ∆k(x1:i0), νk(x1:i) + ∆k(x1:i0) + ∆k(x1:i1)[

= [κ(si) + ∆k(si0), κ(si) + ∆k(si0) + ∆k(si1)[

This is precisely condition (ii) of Mmt, hence its execution{
si+1 ← si1 = x1:i+1

κ(si+1)← κ(si) + ∆k(si0)

We then have by definition of νk that κ(si+1) = νk(x1:i+1). The invariant I(i + 1) is
verified.

Moreover, at the end of step 2 we have the writing of si+1, that is to say in this instance
x1:i+1. We therefore indeed have that the output of Mmt(p) is a word that has x as a prefix,
that is Mmt(p) = x∗.

3) We must show the equality of sets
⋃

p∈Pk
x
Ip = Θk(x) by double inclusion.

⊆: Let p ∈ P k
x . By definition of P k

x , we directly have Ip ⊂ Θk(x). The union of the Ip is
therefore contained in Θk(x).

⊇: The set Θk(x) is a semi-open interval whose endpoints are dyadic numbers (according
to point 5 of the lemma ”Construction of dyadic interval”). By a lemma on intervals with
dyadic endpoints, there exists a finite prefix-free set Q ⊂ B∗ such that:

Θk(x) =
⋃
p∈Q

Ip

To prove the inclusion, it therefore suffices to show that for all p ∈ Q we have p ∈ P k
x . Let

p ∈ Q. By construction of Q, we have Ip ⊂ Θk(x). This is the second condition for p to
belong to P k

x . According to point 2 of this lemma, the condition Ip ⊂ Θk(x) implies that
Mmt(p) = x∗. This is the first condition for p to belong to P k

x . Both conditions being fulfilled,
every p ∈ Q is an element of P k

x . We thus have Q ⊆ P k
x . Consequently,

Θk(x) =
⋃
p∈Q

Ip ⊆
⋃
p∈Pk

x

Ip

■
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Lemma: Mmt is monotone

Let Mmt be the Turing machine defined by the algorithm below for a ϕ∼
lc. Then, Mmt

is a monotone Turing machine.

Proof. 1) Output monotonicity: This is immediate. For any call Mmt(p) at each iteration
of step 2, the output si+1 is formed by appending a bit to the end of si. The output sequence
is therefore increasing with respect to the prefix relation ≤p.

2) Input monotonicity: Let p, p′ ∈ B∗ such that p ≤p p
′, which implies Ip′ ⊂ Ip. Let (si)i

be the variables assigned in the call Mmt(p) and let (s′i)i be those assigned in the call Mmt(p
′).

Before proving the result by loop invariance, let us show that k = kp: By step 1 of Mmt

the indices kp and kp′ are {
kp = min{j | Ip ⊂ Θj(ε)}
kp′ = min{j | Ip′ ⊂ Θj(ε)}

We thus have Ip ⊂ Θkp . Since Ip′ ⊂ Ip, we also have Ip′ ⊂ Θkp(ε). The interval Ip′ is therefore
contained in the intersection Θkp(ε) ∩ Θkp′

(ε). As the intervals Θj(ε) are disjoint for distinct
indices j (Previous lemma, point 2), this imposes that kp = kp′ . Let us then set in the
following k := kp = kp′ .

Let x = Mmt(p), thus x [is] potentially of infinite length. Let us set the invariant I(i) at
the beginning of iteration 0 ≤ i ≤ ℓ(x) of step 2:

I(i) : si = s′i ∧ Ip′ ⊂ Ip ⊂ Θk(si)

Base case (i = 0): By step 1 we have s0 = s′0 = ε. Furthermore, we have already shown
that kp = kp′ = k, which implies Ip ⊂ Θk(ε) and Ip′ ⊂ Θk(ε). Given that Ip′ ⊂ Ip, we indeed
have Ip′ ⊂ Ip ⊂ Θk(ε) = Θk(s0). The invariant I(0) is therefore verified at the beginning of
step 2 at iteration i = 0.

Inductive step (i→ i+1): Assume I(i) is true for some i < |x|. This means that Mmt(p)
must necessarily write an additional bit. To do this, we must have either Ip ⊂ Θk(si0) or
Ip ⊂ Θk(si1):

• Ip ⊂ Θk(si0): Case (i) was selected by Mmt(p), that is, the assignment si+1 ← si0 will
take place. By I(i), we know that Ip′ ⊂ Ip. By transitivity, Ip′ ⊂ Θk(si0) = Θk(s

′
i0).

Now, the intervals Θk(si0) and Θk(s
′
i1) are disjoint, by a preceding lemma, thus Mmt(p

′)
will necessarily perform the assignment s′i+1 ← s′i0. We therefore indeed have I(i + 1)
true.

• Ip ⊂ Θk(si1): The argument is identical. Case (ii) was selected by Mmt(p), that is, the
assignment si+1 ← si1 will take place. By I(i), we know that Ip′ ⊂ Ip. By transitivity,
Ip′ ⊂ Θk(si1) = Θk(s

′
i1). Now, the intervals Θk(si1) and Θk(s

′
i0) are disjoint, by a

preceding lemma, thus Mmt(p
′) will necessarily perform the assignment s′i+1 ← s′i1. We

therefore have I(i+ 1) true.

Conclusion: By induction, for all i < |x|, the i-th bit of Mmt(p
′) is identical to the i-th bit

of Mmt(p). This implies Mmt(p) ≤p Mmt(p
′). ■
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Theorem: ΠSol ⊃ Πsm

Assume that we have at our disposal the following elements,

• Let ϕ∼
lc be a compatible increasing dyadic lower approximator of the lower semi-

computable semimeasure µ.

• a monotone Turing machine Mmt constructed according to the algorithm below
for ϕ∼

lc.

Then we have
∀x ∈ B∗ \ ε, µ(x) = λMmt(x)

Proof. For all x ∈ B∗, the convergence of ϕ∼
lc(x, ·) to µ(x) can be written as the sum of a

telescoping series:

µ(x) = lim
i→∞

ϕ∼
lc(x, i) =

∞∑
k=0

∆k(x) (1)

By point 4 of the lemma ”Construction of dyadic interval”, we have ∆k(x) = λ(Θk(x)), which
yields:

µ(x) =
∞∑
k=0

λ(Θk(x)) (2)

The lemma ”Mmt corresponds to Θk” establishes that Θk(x) =
⋃

p∈Pk
x
Ip. By taking the

Lebesgue measure, we obtain λ(Θk(x)) = λ
(⋃

p∈Pk
x
Ip

)
. Substituting into (2):

µ(x) =
∞∑
k=0

λ

 ⋃
p∈Pk

x

Ip

 (3)

The sets Θk(x) are disjoint for distinct indices k. Consequently, the union of the sets of
intervals

⋃
p∈Pk

x
Ip is also disjoint (with P k

x defined as in the corresponding lemma). We can
therefore swap the sum and the measure:

µ(x) = λ

 ∞⋃
k=0

⋃
p∈Pk

x

Ip

 = λ

(⋃
p∈Px

Ip

)
(4)

where Px :=
⋃

k P
k
x is the set of all programs for which Mmt(p) has prefix x. By applying a

lemma on ”the measure of the union of dyadic intervals” to equation (4), we obtain:

λ

(⋃
p∈Px

Ip

)
=
∑

p′∈⌊Px⌋

λ(Ip′) =
∑

p′∈⌊Px⌋

2−ℓ(p′) (5)

This last sum is, by definition, the Solomonoff semimeasure λMmt(x). By relating (4) and (5),
we obtain:

µ(x) = λMmt(x)

■

1.2.4 Universal Solomonoff Semimeasure
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Definition: Universal Solomonoff Semimeasure

Let U be a universal monotone Turing machine. The universal Solomonoff semimeasure
is the Solomonoff semimeasure associated with the machine U,

∀x ∈ B∗, λU(x) :=
∑

⌊p|U(p)=x∗⌋

2−ℓ(p)

We denote by USol the set of universal Solomonoff semimeasures.

1.2.5 Usm = USol

Theorem: Usm equals USol

For any universal monotone Turing machine U we have for all x ∈ B∗ that

logM(x) = log λU(x) +O(1)

Proof. Let U be a universal monotone Turing machine.

≤ : We have that M is a lower semicomputable semimeasure. By the previous theorem
there exists a monotone Turing machine Mmt such that for all x ∈ B∗ we have λMmt(x) =
M(x). For I the encoding associated with U, there exists an i such that Mmt(p) = U(I(i)p).
Let us set the sets A := {p | Mmt(p) = x∗} and B := {I(i)p | U(I(i)p) = x∗}. Let us show
that

∀p ∈ B∗ : p ∈ ⌊A⌋ ⇐⇒ I(i)p ∈ ⌊B⌋

=⇒ Consider a p ∈ ⌊A⌋. By definition of a universal monotone Turing machine we have
U(I(i)p) = x∗. This means that I(i)p ∈ B. It suffices to show that I(i)p ∈ ⌊B⌋. For
this, let us reason by contradiction and assume that I(i)p /∈ ⌊B⌋. Necessarily there
exists p′ ∈ B such that I(i)p′ <p I(i)p. This implies p′ <p p. Now, knowing that
U(I(i)p′) = Mmt(p

′) = x∗ we have p, p′ both in ⌊A⌋, which by definition of a minimal
prefix language is a contradiction. In summary p ∈ ⌊B⌋.

⇐= Consider a p ∈ ⌊B⌋. By definition we have U(I(i)p) = Mmt(p) = x∗. This means
p ∈ A. It suffices to show that p ∈ ⌊A⌋. For this, let us reason by contradiction and
assume that p /∈ ⌊A⌋. Necessarily there exists p′ ∈ A such that p′ <p p. This implies
I(i)p′ <p I(i)p. Now, knowing that U(I(i)p′) = Mmt(p

′) = x∗ we have I(i)p and I(i)p′

both in ⌊B⌋, which by definition of a minimal prefix language is a contradiction. In
summary p ∈ ⌊A⌋.

We can therefore write

2−ℓ(I(i)) · λMmt(x) = 2−ℓ(I(i))
∑

⌊p |Mmt(p) = x∗⌋︸ ︷︷ ︸
=⌊A⌋

2−ℓ(p)

=
∑

⌊I(i)p | U(I(i)p) = x∗⌋︸ ︷︷ ︸
=⌊B⌋

2−ℓ(I(i)p)

≤
∑

⌊p | U(p)=x∗⌋

2−ℓ(p)



1.3. BAYESIAN MIXTURE 21

≤ λU(x)

As M(x) = λMmt(x), by setting C = 2−ℓ(I(i)) we obtain the inequality

C ·M(x) ≤ λU(x)

≥ : As shown previously, every Solomonoff semimeasure is lower semicomputable, which
means that λU is in Πsm. Thus, as M is a dominant universal semimeasure, there exists C > 0
such that

∀x ∈ B∗, M(x) ≥ C · λU(x)

■

1.3 Bayesian Mixture

1.3.1 Definition

Definition: Bayesian Mixture

Consider the following elements:

• A countable set V = {νi}∞i=0 of lower semicomputable semimeasures for which
there exists π : i ∈ N 7→ ⟨ϕsm,i ⟩ ∈ ⟨ Tsc ⟩ an effective enumeration of lower
approximators satisfying,

∀νi ∈ V , ϕsm,i
lc−→ νi

• A lower semicomputable function w : N 7→ R satisfying w(i) > 0 and
∑

i∈N w(i) ≤
1.

We then call Bayesian Mixture the function ξw,V : B∗ 7→ [0, 1] defined for all x ∈ B∗ by

ξw,V(x) :=
∑
i∈N

w(i) · νi(x)

We then denote by ΠBayes the set of Bayesian Mixtures.

1.3.2 ΠBayes = Πsm

Theorem: ΠBayes equals Πsm

The set of Bayesian Mixtures is equal to the set of lower semicomputable semimeasures.

Proof. ⊂ : Let ξw,V be a Bayesian Mixture with ϕsm,i
lc−→ νi and ϕw

lc−→ w. Let us then set
the function such that for all ⟨x, k ⟩ in ⟨B∗,N ⟩ we have

Φ(x, k) =
k∑

i=0

ϕw(i, k) · ϕsm,i(x, k)

Note that Φ is totally computable and non-decreasing. We also have that Φ(x, ·) is non-
decreasing because ϕw(i, ·) and ϕsm,i(x, ·) are. Moreover limk→∞Φ(x, k) = ξw,V(x) for all x ∈
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B∗. Thus we already have that ξw,V is lower computable. Let us now show that ξw,V(ε) ≤ 1.
As νi is a semimeasure we have νi(ε) ≤ 1, which gives:

ξw,V(ε) =
∑
i∈N

w(i) · νi(ε) ≤
∑
i∈N

w(i) ≤ 1

We still need to show for all x in B∗ that ξw,V(x) ≥ ξw,V(x0) + ξw,V(x1). We will use the
fact that νi is a semimeasure for this. For x ∈ B∗,

ξw,V(x) =
∑
i∈N

w(i) · νi(x)

≥
∑
i∈N

w(i) · [νi(x0) + νi(x1)]

≥
∑
i∈N

w(i) · νi(x0) +
∑
i∈N

w(i) · νi(x1)

= ξw,V(x1) + ξw,V(x0)

We therefore indeed have that ξw,V is a lower semicomputable semimeasure.

⊃ : Let µ be a lower semicomputable semimeasure. It suffices to set for all i ∈ N the
functions w(i) = 1

2i+1 and νi = µ. We then verify for any string x that,

ξw,V(x) =
∑
i∈N

w(i) · νi(x) =
∑
i∈N

1

2i+1
· µ(x) = 2

1− 1/2
· µ(x) = µ(x)

■

1.3.3 Universal Bayesian Mixture

Definition: Universal Bayesian Mixture

A Bayesian Mixture ξw,V is said to be Universal if V equals the set of lower semi-
computable semimeasures (i.e. V = Πsm). The set of Universal Bayesian Mixtures is
denoted by UBayes.

1.3.4 Usm ⊂ UBayes

Lemma: Union of minimal languages

Let L =
⋃

i∈N Li, where Li are languages in B∗. Assume that for i, j ∈ N with i ̸= j,
all x ∈ Li and all y ∈ Lj, any x and y are incompatible, then

⌊L⌋ =
⋃
i∈N

⌊Li⌋

Proof. Let us proceed by double inclusion.

⊂ : Let x ∈
⋃

i∈N ⌊Li⌋. By definition of a union, there exists an index k ∈ N such that
x ∈ ⌊Lk⌋. To show that x ∈ ⌊L⌋, we must then verify that x ∈ L and that no proper prefix
of x belongs to L.
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Since x ∈ ⌊Lk⌋, we have x ∈ Lk. As Lk ⊆ L, we deduce that x ∈ L. Suppose, for the sake
of contradiction, that there exists a proper prefix y ≤p x such that y ∈ L. Since u ∈ L, there
exists an index j ∈ N such that y ∈ Lj. Two cases are then possible:

• If j = k: We have y ∈ Lk with y ≤p x. This contradicts the hypothesis x ∈ ⌊Lk⌋.

• If j ̸= k: We have x ∈ Lk, y ∈ Lj, and y ≤p x. This contradicts the hypothesis of
incompatibility between the languages Lk and Lj.

The hypothesis that a proper prefix of x is in L is therefore false, that is to say that necessarily
we have x ∈ ⌊L⌋.

⊃ : Let x ∈ ⌊Li⌋. Suppose by contradiction that x /∈ ⌊L⌋. Since x ∈ L, there then
necessarily exists a y ∈ L satisfying y <p x. There also exists a j such that y ∈ Lj. Moreover,
knowing that x ∈ ⌊Li⌋, we must have that j ̸= i. We then have a contradiction because
the assumption of the lemma states that x and y are incompatible by incompatibility of the
languages Li and Lj. In summary, we have just shown by contradiction that x ∈ ⌊L⌋. ■

Theorem: USol ⊂ UBayes

For every universal monotone Turing machine U there exists a Universal Bayesian Mix-
ture ξw,V such that

∀x ∈ B∗ \ ε, ξw,V(x) = λU(x)

Proof. Let I be the prefix encoding associated with U. Let x ∈ B∗ \ ε. We obtain the first
equality below because if the input e /∈ {I(i)p | i ∈ N , p ∈ B∗} then U(e) = ε, then by setting
Li = ⌊I(i)p | U(I(i) p) = x∗⌋ in the preceding lemma:

⌊p | U(p) = x∗⌋ = ⌊I(i) p | U(I(i) p) = x∗⌋

=
⋃
i∈N

⌊I(i) p | U(I(i) p) = x∗⌋

Let us show the following equivalence for i ∈ N and the sets A := {I(i) p | U(I(i) p) = x∗}
and B := {p |Mmt,i = x∗}:

I(i) p ∈ ⌊A⌋ ⇐⇒ p ∈ ⌊B⌋

Before showing the double implication, note that [†] : I(i) p ∈ A ⇐⇒ p ∈ B and also
[♯] : p′ <p p =⇒ I(i) p′ < I(i) p.

=⇒ Assume I(i) p ∈ ⌊A⌋. This implies I(i) p ∈ A, thus p ∈ B by †. Suppose for the sake of
contradiction that p is not minimal in B. There would exist p′ ∈ B such that p′ <p p.

– p′ ∈ B =⇒ I(i) p′ ∈ A (by †).
– p′ <p p =⇒ I(i) p′ <p I(i) p (by ♯).

This contradicts that I(i) p is minimal in A. Thus p ∈ ⌊B⌋.

⇐= Assume p ∈ ⌊B⌋. This implies p ∈ B, thus I(i) p ∈ A by †. Suppose for the sake
of contradiction that I(i) p is not minimal in A. There would exist q ∈ A such that
q <p I(i) p. Since the encoding is prefix[-free], q must be of the form I(i) p′.

– q = I(i) p′ ∈ A =⇒ p′ ∈ B (by †).
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– q <p I(i) p =⇒ I(i) p′ <p I(i) p =⇒ p′ <p p (by ♯).

This contradicts that p is minimal in B. Thus I(i) p ∈ ⌊A⌋.

For all x ∈ B∗ we obtain

λU(x) =
∑

⌊p|U(p)=x∗⌋

2−ℓ(p)

=
∑
i∈N

∑
⌊I(i)p | U(I(i) p)=x∗⌋

2−ℓ(I(i) p)

=
∑
i∈N

2−ℓ(I(i))
∑

⌊p|Mmt,i(p)=x∗⌋

2−ℓ(p)

=
∑
i∈N

2−ℓ(I(i)) · λMmt,i
(x)

The second equality comes from the union, the third from the equivalence and factoring the
term 2−ℓ(I(i)) out of the sum, and the last equality by ΠSol ⊃ Πsm proved previously. Let us
now set {

w : i ∈ N 7→ 2−ℓ(I(i))

V = {λMmt,i
}∞i=0

We can then verify that ξw,V is indeed a Universal Bayesian Mixture:

• TheMmt,i form an enumeration of monotone Turing machines, that is ΠSol = {λMmt,i
}∞i=0.

Now we have ΠSol = Πsm therefore V = Πsm.

• Since {I(i) | i ∈ N} forms a prefix-free language, by Kraft’s inequality
∑

i∈N w(i) =∑
i∈N 2−ℓ(I(i)) < 1 and moreover trivially w(i) > 0.

In summary, we indeed have that ξw,V [is] a universal Bayesian mixture such that

∀x ∈ B∗ \ ε, ξw,V(x) = λU(x)

■

1.3.5 USol ⊃ UBayes

Lemma: Effective decomposition of semicomputable weights

Let w : N 7→ [0, 1] be a lower semicomputable function satisfying
∑

i∈N w(i) ≤ 1 with
w(i) > 0. There then exists a partially computable function ρ : ⟨N ,N ⟩ 7→ N such
that for all i ∈ N :

w(i) =
∞∑
j=0

2−ρ(i,j)

Proof idea. Since w(i) = limk→∞Mlc(i, k), we can write w(i) as a telescoping sum:

w(i) = Mlc(i, 0) + (Mlc(i, 1)−Mlc(i, 0)) + (Mlc(i, 2)−Mlc(i, 1)) + . . .

The algorithm computes the dyadic decomposition of each term of this sum (δk = Mlc(i, k)−
Mlc(i, k − 1)) via the function Exp, then collects all the exponents. We then define ϱ(i, j) as
the j-th collected exponent. Thus

∑∞
j=0 2

−ρ(i,j) equals w(i). ■
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Lemma: Effective dyadic decomposition

Let w : N 7→]0, 1] be a lower semicomputable function satisfying
∑

i∈N w(i) ≤ 1. There
exists a total computable function ρ : ⟨N ,N ⟩ 7→ N such that for all i ∈ N :

w(i) =
∞∑
j=0

2−ρ(i,j)

Proof. For all α = m/2n a strictly positive dyadic rational number, we define the sequences
(δαt )t∈N and (sαt )t∈N by the following recurrence: Assign δα0 = α and for all t ∈ N ,

1. If δαt = 0, then δαt+1 = 0. In this case, sαt is not defined.

2. If δαt > 0:

{
sαt = min{s ∈ N | 2−s ≤ δαt }
δαt+1 = δαt − 2−sαt

Let us show sequentially: 1) that there exists a unique integer Nα ∈ N such that δαNα+1 = 0

and δαk > 0 for all k ≤ Nα; 2) the following relation is satisfied α =
∑Nα

k=0 2
−sk .

1. Note for δαt > 0 that the relation δαt+1 = δαt − 2−sαt implies δαt+1 < δαt , since 2−sαt > 0.
The sequence (δαt )t is therefore strictly decreasing as long as it is positive.

Let us prove by induction that for all t ≥ 0, if δαt > 0 then δαt is an integer multiple of
2−n. The property is true for t = 0. Assume it is true for a rank t, that is δαt = mt/2

n

for some mt ∈ N ,mt ≥ 1. By the minimality of sαt , we have 2−(sαt −1) > δαt . Thus:

2−(sαt −1) > δαt =
mt

2n
≥ 1

2n

The inequality 2−(sαt −1) > 2−n implies −(sαt − 1) > −n, or sαt − 1 < n, and thus sαt ≤ n.
Since sαt ≤ n, the integer n− sαt is non-negative. We can then write:

δαt+1 = δαt − 2−sαt =
mt

2n
− 1

2s
α
t
=

mt − 2n−sαt

2n

Let mt+1 = mt− 2n−sαt . As mt and 2n−sαt are integers, mt+1 is an integer. The property
is thus verified at rank t+ 1, which completes the induction.

We then have that the sequence of integers (mt)t≥0 defined by mt = δαt · 2n is, as long
as mt > 0, strictly decreasing because mt+1 = mt − 2n−sαt and 2n−sαt ≥ 1. A strictly
decreasing sequence of natural numbers must necessarily reach 0 in a finite number of
steps. There therefore exists a first integer, denoted Nα+1, such that mNα+1 = 0. This
implies δαNα+1 = 0 and that for all k ≤ Nα, δ

α
k > 0.

2. By summing the recurrence relation δαk+1 − δαk = −2−sαk for k from 0 to Nα, we obtain
by telescoping:

δαNα+1 − α =
Nα∑
k=0

(δαk+1 − δαk ) = −
Nα∑
k=0

2−sαk

Since δαNα+1 = 0, we immediately deduce that δα0 =
∑Nα

k=0 2
−sk .

For α in Q>0, the functions t ∈ N 7→ δαt and t ∈ {0, 1, . . . , Nα} 7→ sαt are totally com-
putable: it suffices to apply the update rules defined above. Note that for a fixed δαt > 0, to
find sαt it suffices to enumerate s = 0, 1, 2, . . . up to the first one satisfying 2−s > 0.
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Moreover α ∈ Q>0 7→ Nα is totally computable by the following procedure: For an input
α ∈ Q>0. Enumerate N = 0, 1, 2, . . . up to the first one satisfying δαN+1 = 0. Write such an
N to output then accept.

By definition of a lower semicomputable function, there exists ϕsc a strict lower approxi-
mator of w, with without loss of generality ϕsc(i, 0) = 0 for all i. Let us now set for all integers
i, j the αi,j := ϕsc(i, j + 1)− ϕsc(i, j). We have by closure under subtraction of dyadic values
that αi,j is dyadic. By the strict character of ϕsc we have αi,j > 0. Let us set the sequence
for all i an integer Si defined as the concatenation of the following sequences:

Si := (s
αi,0

t )t∈{0,1,...,Nαi,0} ⌢ (s
αi,1

t )t∈{0,1,...,Nαi,1} ⌢ . . .

Let us set the function ϱ : ⟨N ,N ⟩ 7→ N which for an input ⟨ i, j ⟩ returns the j-th element
of the sequence Si. The function ϱ is totally computable for the following effective procedure:

For an input ⟨ i, j ⟩. By enumerating K = 0, 1, 2, . . . find the smallest K such that∑K
q=0Nαi,q

≤ j <
∑K+1

q=0 Nαi,q
. For T = j −

∑K
q=0Nαi,q

write sαi,K
T to output.

We can then verify that ϱ is the function of the statement. For a given integer i:

∞∑
j=0

2−ϱ(i,j) =
∑
s∈Si

2−s

=
∞∑
j=0

Nαi,j∑
k=0

2−s
αi,j
k

=
∞∑
j=0

ϕsc(i, j + 1)− ϕsc(i, j)

= lim
j→∞

ϕsc(i, j)− 0

= w(i)

■

Theorem: USol ⊃ UBayes

For every Universal Bayesian Mixture ξw,V there exists a Universal Solomonoff semimea-
sure λU such that

∀x ∈ B∗ \ ε, ξw,V(x) = λU(x)

Proof. Let ξw,V be a Universal Bayesian Mixture with V = {νi}∞i=0. By definition of a

Bayesian mixture, there exists an effective enumeration πV : i 7→ ⟨ϕsm,i ⟩ such that ϕsm,i
lc−→

νi. For each ϕsm,i, by a theorem there exists a monotone Turing machine Mmt,i such that
λMmt,i

= νi. We can therefore set an effective enumeration π′ : i 7→ ⟨Mmt,i ⟩ such that
λMmt,i

= νi.

Also by definition, w is lower semicomputable and satisfies
∑

i∈N w(i) ≤ 1 with w(i) > 0.
Thus by the preceding lemma there exists ϱ : ⟨ i, j ⟩ 7→ ki,j a totally computable function such
that

w(i) =
∑
i,j∈N

2−ki,j
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By the Kraft-Chaitin theorem there exists a prefix Turing machine M and a set of strings
{σi,j}i,j∈N such that

↓M(σi,j) with ℓ(σi,j) = ki,j

We then set a Turing machine U operating as follows

For an input e ∈ B∗.
Perform the following steps in sequence:

1. Assign σ, such that e = σp and σ ∈ L↓(M).

2. Enumerate ⟨ i, j ⟩ in ⟨N ,N ⟩ until finding σ = σi,j.

3. Compute ⟨Mmt,i ⟩ ← π′(i)

4. For t = 0, 1, 2, . . . write to output, by appending to the end, Mmt,i(p | t).

Note by construction that for all i, j ∈ N and p ∈ B∗,

U(σi,jp) = Mmt,i(p)

Let us now show that U is a universal monotone Turing machine:

- If the input e does not start with a word in L↓(M) then by step 1 we have ⟲ U with
empty output, that is U(e) = ε.

- Input monotonicity: Let e ≤p e′ be two words in B∗. If e does not start with a
word in L↓(M) then the assignment of step 1 fails and the output remains empty,
U(e) = ε. Otherwise, the input is of the form e = σi,jp with σi,j ∈ L↓(M). We then
have by the non-ambiguity of a prefix-free language that e′ = σi,jp

′ with p ≤p p
′. Thus

U(σi,jp) = Mmt,i(p) and U(σi,jp
′) = Mmt,i(p

′) which by input monotonicity of Mmt,i gives
Mmt,i(p) ≤p Mmt,i(p

′), that is U(e) ≤p U(e
′).

- Output monotonicity: By step 4, U(σi,jp) and Mmt,i(p) have the same output history.
As Mmt,i is monotone this guarantees the output monotonicity of U.

Let us now calculate the Solomonoff semimeasure λU for x in B∗ \ ε:

λU(x) =
∑

⌊p : U(p)=x∗⌋

2−ℓ(p)

=
∑
i,j∈N

∑
⌊σi,jp : U(σi,jp)=x∗⌋

2−ℓ(σijp)

=
∑
i,j∈N

∑
⌊p :Mmt,i(p)=x∗⌋

2−ℓ(σijp)

=
∑
i,j∈N

2−ℓ(σij)

 ∑
⌊p :Mmt,i(p)=x∗⌋

2−ℓ(p)


=
∑
i,j∈N

2−ki,jλMmt,i
(x)

=
∑
i∈N

(
∞∑
j=0

2−ki,j

)
λMmt,i

(x)

=
∑
i∈N

w(i)νi(x)
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= ξw,V(x)

The second equality is obtained by remarking that the Li,j = {σi,jp : U(σi,jp) = x∗} for
i, j ∈ N form a family of incompatible languages because {σi,j}i,j∈N is prefix-free. By applying
a lemma on the union of minimal languages we obtain ⌊

⋃
i,j∈N Li,j⌋ =

⋃
i,j∈N ⌊Li,j⌋. The third

equality is obtained because for all i, j we have U(σi,jp) = x∗ if and only if Mmt,i(p) = x∗.
The rest of the equalities are straightforward. ■

1.4 Solomonoff’s Induction

This part is not finished yet.

1.4.1 Posterior Probability

Definition: Posterior Probability

Let µ be a measure; we define the conditional probability of y ∈ B∗ given x ∈ B∗ as,

µ(y | x) := µ(xy)

µ(x)

1.4.2 Entropic Inequality

Definition: Squared Hellinger Distance

Let P be a discrete probability measure (
∑

a∈B P (a) = 1) and Q a discrete semimeasure
(
∑

a∈B Q(a) ≤ 1), both defined on the same discrete set B. We then define the distances:

• H(P,Q) :=
∑

a∈B

(√
P (a)−

√
Q(a)

)2
the Hellinger distance.

• D(P || Q) :=
∑

a∈B P (a) ln P (a)
Q(a)

the Kullback-Leibler distance.

With the convention 0 ln(0) = 0 ln(0
0
) = 0.

Lemma: Entropic Inequality

Using P and Q again, we have the following inequality:

H(P,Q) ≤ D(P || Q)

Proof. For all z ∈ R>0 we have by concavity of the logarithm ln z ≤ z− 1 for all z > 0. For
all a ∈ B such that P (a) > 0, let z =

√
Q(a)/P (a). The inequality becomes:

ln

(√
Q(a)

P (a)

)
≤

√
Q(a)

P (a)
− 1

Let us multiply by −2P (a) (which is negative), which reverses the direction of the inequality:

−2P (a) ln

(√
Q(a)

P (a)

)
≥ −2P (a)

(√
Q(a)

P (a)
− 1

)
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P (a) ln

((
Q(a)

P (a)

)−1
)
≥ −2

√
P (a)Q(a) + 2P (a)

P (a) ln

(
P (a)

Q(a)

)
≥ 2P (a)− 2

√
P (a)Q(a)

By rearranging the terms of the Hellinger distance,

(
√
P (a)−

√
Q(a))2 = P (a)−2

√
P (a)Q(a) +Q(a) ⇐⇒

P (a)− 2
√

P (a)Q(a) = (
√

P (a)−
√
Q(a))2 + P (a)−Q(a)

We thus obtain for each a ∈ B (which is also trivially true if P (a) = 0):

P (a) ln

(
P (a)

Q(a)

)
≥
(√

P (a)−
√
Q(a)

)2
+ P (a)−Q(a)

By summing this inequality over all a ∈ B:∑
a∈B

P (a) ln
P (a)

Q(a)
≥
∑
a∈B

(√
P (a)−

√
Q(a)

)2
+
∑
a∈B

(P (a)−Q(a))

Which is written:

D(P || Q) ≥ H(P,Q) +

(∑
a∈B

P (a)−
∑
a∈B

Q(a)

)
Since by definition

∑
P (a) = 1 and

∑
Q(a) ≤ 1, the last term is non-negative:∑

a∈B

P (a)−
∑
a∈B

Q(a) = 1−
∑
a∈B

Q(a) ≥ 0

We therefore deduce the final inequality:

D(P || Q) ≥ H(P,Q)

■

1.4.3 Solomonoff Completeness

This part consists notably in using the previous entropic inequality by taking the discrete set
B. In this entire subsection we let µ be a lower semicomputable measure (not a semimeasure...)
and M a universal semimeasure.

Lemma: Bound of the Squared Error by the KL Divergence

We define for all integers n ≥ 0, respectively the expected squared error and the expected
Kullback-Leibler divergence at step n by:

• Sn :=
∑

x∈Bn−1 µ(x)
∑

a∈B

(√
M(a|x)−

√
µ(a|x)

)2
• Dn :=

∑
x∈Bn−1 µ(x)

∑
a∈B µ(a|x) ln

µ(a|x)
M(a|x)

We then have for all integers n ≥ 1 that Sn ≤ Dn.
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Proof. Let x ∈ Bn−1. Relying on the entropic inequality H(P,Q) ≤ D(P || Q) demon-
strated previously: ∑

a∈B

(√
P (a)−

√
Q(a)

)2
≤
∑
a∈B

P (a) ln
P (a)

Q(a)

By setting P (a) = µ(a|x) and Q(a) = M(a|x) for a fixed x, we obtain:∑
a∈B

(√
µ(a|x)−

√
M(a|x)

)2
≤
∑
a∈B

µ(a|x) ln µ(a|x)
M(a|x)

Let us multiply this inequality by the probability µ(x) ≥ 0 and sum over all histories x ∈ Bn−1:∑
x∈Bn−1

µ(x)
∑
a∈B

(√
µ(a|x)−

√
M(a|x)

)2
≤

∑
x∈Bn−1

µ(x)
∑
a∈B

µ(a|x) ln µ(a|x)
M(a|x)

By definition, the left term is Sn (the expected squared Hellinger distance) and the right one
is Dn. The inequality Sn ≤ Dn is thus established. ■

Lemma: Bound of the Sum of KL Divergences

The series of expected KL divergences is finite and bounded by:

∞∑
n=1

Dn <∞

Proof. Starting from the definition of Dn, for all m ≥ n:∑
x1:n∈Bn

µ(x1:n) ln

(
µ(xn|x1:n−1)

M(xn|x1:n−1)

)

=
∑

x1:n∈Bn

 ∑
xn+1:m∈Bm−n

µ(x1:nxn+1:m)

 ln

(
µ(xn|x1:n−1)

M(xn|x1:n−1)

)

=
∑

x1:n∈Bn

∑
xn+1:m∈Bm−n

µ(x1:nxn+1:m) ln

(
µ(xn|x1:n−1)

M(xn|x1:n−1)

)

=
∑

x1:m∈Bm

µ(x1:m) ln

(
µ(xn|x1:n−1)

M(xn|x1:n−1)

)
The first equality follows from the law of total probability µ(x1:n) =

∑
y∈Bm−n µ(x1:ny) where

x1:n ∈ Bn is fixed. The rest of the derivation consists of reorganizing the sums.
Starting from the sum of the Dn, we have:

m∑
n=1

Dn =
m∑

n=1

[ ∑
x1:m∈Bm

µ(x1:m) ln

(
µ(xn|x1:n−1)

M(xn|x1:n−1)

)]

=
∑

x1:m∈Bm

m∑
n=1

µ(x1:m) ln

(
µ(xn|x1:n−1)

M(xn|x1:n−1)

)

=
∑

x1:m∈Bm

µ(x1:m)

[
m∑

n=1

ln

(
µ(xn|x1:n−1)

M(xn|x1:n−1)

)]
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=
∑

x1:m∈Bm

µ(x1:m) ln

(
m∏

n=1

µ(xn|x1:n−1)

M(xn|x1:n−1)

)

=
∑

x1:m∈Bm

µ(x1:m) ln

(
µ(x1:m)

M(x1:m)

)
The last equality is justified by the chain rule (or telescoping product) for (semi-)measures.
For any sequence x1:m, by defining x1:0 as the empty sequence ε:

m∏
n=1

µ(xn|x1:n−1) = µ(x1|ε) · µ(x2|x1) · · ·µ(xm|x1:m−1) = µ(x1:m)

and identically for M(x1:m). By definition of a universal semimeasure there exists c > 0 an
integer constant such that ∀x ∈ B∗,M(x) ≥ c · µ(x). We thus obtain

m∑
n=1

Dn ≤
∑

x1:m∈Bm

µ(x1:m) ln

(
µ(x1:m)

M(x1:m)

)
≤ ln

(
1

c

) ∑
x1:m∈Bm

µ(x1:m) <∞

■

Theorem: Solomonoff Completeness

Let µ be a lower semicomputable measure. The total sum of expected squared errors is
finite and bounded:

∞∑
t=1

∑
x∈Bt−1

µ(x)
(√

M(0|x)−
√
µ(0|x)

)2
<∞

Proof. By the lemma above Sn ≤ Dn for all n ≥ 1. By summing this inequality from n = 1
to infinity, we obtain:

∞∑
n=1

Sn ≤
∞∑
n=1

Dn

The previous Lemma establishes that the series on the right converges; consequently
∑∞

n=1 Sn <
∞. Consequently by making Sn explicit:

∞∑
t=1

∑
x∈Bt−1

µ(x) (M(0|x)− µ(0|x))2 <∞

■
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