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Chapter 1

Algorithmic ”Solomonoft” Probability

1.1 Semimeasures

1.1.1 Definitions

Definition: Measure

A function p : B* — R is a measure if

Lop(e) =1,
2. p(x) =D, cp p(xd) for all x € B*.

Definition-Property: Uniform or Lebesgue measure

Let z € B*, we define the uniform measure as

AMz) =27@

Definition: Semimeasures

A function p : B* — R is a semimeasure if
L.ou(e) <1,
2. p(x) > p(x0) + p(zl) for all x € B*.

Definition: Lower semicomputable semimeasures

A semimeasure p is called lower semicomputable if p is lower semicomputable. We
denote by Ilg, the set of lower semicomputable semimeasures.
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1.1.2 Enumeration of lower semicomputable semimeasures

I =115,

Algorithm: Partial mapping (¢}, ) —— (v;)

Let ¢;. be a strict lower approximation of a semimeasure. Let us define, for each integer
i > 0, the computable function v; operating as follows:

Input : x € B*
Step 1. For each p € B do:
— If 1 > ¢ye(p, i) then
* Assign K <. [f]
— Else: Loop forever.
Step 2. Foreach j=i—1,i—2,...,1,0 do: [loop 1]

— For each p in B do:  [loop 2]

x By enumerating ¢;.(p,0), ¢ie(p, 1), ... find the first (that is, the smallest)
K € N satisfying the conditions opposite:

K >i and
} [t]

K;, < mink K i i
1 Z (blc(p; K) Z ¢lc(p17 Kpl) + ¢lc(p07 KpO)

(Note that if such a K does not exist then the enumeration does not
terminate, thus the procedure loops forever)

Step 3. If K! is not assigned:
— Write 0 as output and accept.

Else:
— Write ¢.(x, K%) as output and accept.

Remark: For a given approximation ¢;, and integer ¢ > 0. The values K; do not depend
on the input: The calls v;(z) and v;(2) assign the same (K})pep-. We define K| = & if
the variable K is not assigned in v;(-).

.

In the three following lemmas, we define (v;);cn as a sequence of partially computable
functions as defined by the algorithm below for a given strict lower approximation ¢j..

For all i € N and p € B* we have:
L pl>i = K, =0.
2. K} #@ = V' satisfying i > [p/| > [p| we have K}, # @.
3. KM #0 — K} #@and K;'' > K.

4. K! # @ and x € dom(v;) = 1> y(x).
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Proof. LetpeB*andie N

1) The K} are assigned either at [t] or at [f]. In both cases |p| < i, thus we necessarily
have that if [p| > i then K} = @.

2) Assume that K # @.
- Case |p| = i: This case is accounted for by hypothesis.

- Case |p| < i: For K! # @, it is necessary that, in loop 1, we had j = [p|. Now, as
this loop is decreasing, we necessarily obtain that the assignment in [f] of the KZ’;,, for
i > [p'| > |p|, succeeded, that is K,y # @.

3) Let i € N. Let us proceed by downward induction on P, with n € {0,...,i}:
P, : "For all p € B, if Ki*! £ @ then K # @ and Ki*1 > K"

- Base case (n = i): Assume K'*! # & for a p € B=". The variable K™ is assigned by
hypothesis, which by # implies that K/ > i+ 1 and 1 > ¢, (p, K™).

Moreover, due to the fact that ¢, is a lower approximation, we have

gb?c(va) < QS;C(]?, K;+1) <1

Thus by step 1, we note that KZ, = ¢ will be assigned because the condition 1 > ¢7.(p, i)
is satisfied and therefore K;“ > K;;. We have P, true.

- Inductive step (0 < n < i): Assume P, and K} # @ for a p € B="~'. By point 2
we have K'i' and K" different from & and therefore, by inductive hypothesis that

Kl Kly # @ and also K" > Ki, and K;{' > KJ;. Thus, by definition of a lower

approximation, we obtain respectively ¢;.(pl, K1) > ¢;.(pl, Ki;) and ¢;,(p0, Ki§') >
;..(p0, K;,O). We deduce

Gre(pL, Kf) + 07 (p0, K351) = &7 (pL, Ky ) + 7. (10, Kp).-
Now by # and knowing that KZ’;“ #+ &, we necessarily have that
Ky = min{K | ¢.(p, K) > ¢j.(p1, K1) + 7. (00, Ki5')}

Thus, since ¢}.(p, -) is non-decreasing, we have assignment (that is K; # &) in § of

such that K;“ > KZ,. This establishes the inductive step.

4) Assume K # & and x € dom(v;). Since K' # @, by step 3, vi(x) = ¢}.(z, K%). The
inequality 1 > ¢ (z, K!) is guaranteed by the construction of K¢:

- If |z| = 4, K. (which equals 7) is assigned in step 1 only if the condition 1 > ¢f.(x,14) is
satisfied. As K! # @, this condition is true.

- If |z| <4, K¢ is chosen according to #, which imposes 1 > ¢7.(x, K) for the chosen K.

In both cases, 1 > ¢;.(x, K%), and therefore 1 > v;(z). |
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1. There exists an r € A" U oo such that for all i € {0,1,2,...,r} we have

Ve € B*, x € dom(v;)

2. Forallie {0,1,2,...,r}, we have that v; are semimeasures satisfying

Ve e B*, w(x) <wn(z) <...<y(x).

3. If ¢, Ly ( a semimeasure then r = oo and furthermore

Ve e B,  lim y(z) = p(z).
1—00

Proof. 1) Let z € B*. Let us define the set
Sy :={ie N | z¢dom(v)}

By construction of v; we note that z ¢ dom(v;) if and only if the "Else’ branch of step 1 is
executed or if the search in # fails. This is equivalent to the existence of a string p € BS? for
which K7 is not assigned, in other words,

i €S, <= 3Jpc B> such that K; =g.

Consider i € S,. Thus there exists p € B=' such that K = @. According to the contrapositive
of point 3 of the previous Lemma (i.e. 'If K, = @ then K} = @’), we have K)*! = & and
therefore i + 1 € S,. By repeating the reasoning starting from K;;H = & we show K;“ =9
and so on.

Consequently, if ¢ € S,, then k£ € S, for all £k > i. The set S, is thus of the form
{r,r+1,r4+2,...} for r =min S, or r = o if it does not exist.

- If r = oo then S, = (). We thus have x € dom(v;) for all i € . Point 1 of the lemma
is satisfied.

- Ifr € Nthen S, = {r,r+ 1,7+ 2,...}. Point 1 of the lemma is then satisfied:

*1f i <r, theni ¢ S, and z € dom(y;).
* 1t i >r, then i € S, and = ¢ dom(v;).

2) Let i € {0,1,...,7} be an integer. Let us show first that v; is a semimeasure. Let x be
in B*.

By # the variable K| is assigned if and only if 1 > ¢;.(x, K?) hence 1 > v;(g). Moreover
if K! = & then by the 'Else’ branch of step 3 we have v;(x) = 0. It remains for us to verify
vi(x) > v;(20) + v;(x1). Three cases are possible:

- Case |z| > i: In particular |0 > ¢ and |z1| > i. By point 1 of the previous lemma,
K: =9, K!{) = @ and K!; = @. By the 'Else’ branch of step 3 we have v;(z) = 0,
v;(z0) = 0 and v;(z1) = 0. The inequality 0 > 0 + 0 is satisfied.

- Case |z| = i: Since i < r, we have K! # @. The assignment is done in step 1, thus
Ki = i. By point 4 of the previous lemma, w;(x) = ¢j(x, K.) = ¢}.(z,i). Since
|20 =4+ 1 >4 and |z1| =i+ 1 > 4, by point 1 of the previous lemma, K!, = & and
K:, = @. By step 3, v;(z0) = 0 and v;(x1) = 0. The inequality becomes v;(x) > 0+ 0.
As ¢}, produces non-negative values, ¢j.(z,7) > 0, thus the inequality is satisfied.
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- Case |z| < i: Then |z0] = |z| +1 < ¢ and |z1]| = |z| + 1 < 4. Since i < r, we have
K # @ and by point 2 of the previous lemma K', # @ and K'; # @. The assignment
of K is done in step 2 via f. This condition explicitly guarantees that K’ satisfies:

1 Z (b?c(xa K;) 2 ¢7c(x07 K;O) + ¢7c<x17 K;l)

Since K:, Ky, K!; are different from &, point 4 of the previous lemma applies and
vi(p) = ¢1.(p, K}) for p € {z,20,21}. By substituting into the previous inequality, we
obtain v;(z) > v;(x0) + v;(z1).

It remains for us to show that v;(z) < v;41(z) for i < r. Let us now consider an integer
i such that ¢ < r. Then ¢ + 1 < r. Consequently, for all z € B* we have z € dom(v;) and
x € dom(v;y1). Consider z € B*.

- Case |z| > i: By point 1 of the previous lemma, K! = &. By step 3, v;(z) = 0. Since
vir1(x) > 0 (as it is a semimeasure), we have v;(z) < v;41(x).

- Case |z| < 4: Since i < r, we have K! # @. As i+ 1 < r, we also have K'™! #£ &.
By point 3 of the previous lemma, the hypothesis Ki™' # & implies K;™' > K.. By
definition of a strict lower approximation, the function ¢;.(z, -) is non-decreasing. Thus
Kt > K implies:

Qﬁc(‘ra KJZU—H) Z gb?c(xv K;)

Since K! # @ and K™ # @, and x € dom(v;11) and © € dom(v;y1), point 4 of the
previous lemma applies for i and i + 1: v;(z) = ¢}.(z, K) and viq(x) = ¢} (z, Ki).
By combining these results, we obtain v, 1(x) > v;(x).

3) Assume that there exists a semimeasure p satisfying ¢j, L . First, let us show by
contradiction that r = co. If r < oo, the construction of v, fails for a string p of minimal
length [p| < r.

e If |p| = r, the failure occurs at step T, implying 1 < ¢7.(p,r). Now, ¢}.(p,r) < u(p) <1
because ¢;, is a strict approximation and p a semimeasure. This is a contradiction.

o If |[p| < r, the failure occurs at step f. This means that for all K > r, ¢/.(p, K) <
¢1.(p0, K}p)+67.(pl, K7, ). By passing to the limit K" — oo, we obtain u(p) < ¢7.(p0, KJ)+
¢;.(p1, K];). By the strict character of the approximation, the right hand side is strictly
less than u(p0) + u(pl). We thus obtain u(p) < w(p0) + p(pl), which contradicts p
being a semimeasure.

Both cases leading to a contradiction, we conclude that r = co. Consequently, the sequence
(vi(2))ien is well-defined for all z. It is non-decreasing (point 2 of the lemma) and bounded
by pu(z) because v;(z) = ¢} (z, K!) < u(z). Tt therefore converges to a limit L < u(z). By
construction, K > i for all ¢+ > ||, which implies lim;_,,, K’ = co. By composition of limits:

lim v;(z) = lim ¢p(z, K3) = p(x)
i—00

1—00
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Let ¢;. be a strict lower approximation. Then there exists a function ¢,. such that:
1. ¢4 is a lower approximation of a semimeasure.

2. If ¢}, is a strict lower approximation of a semimeasure p, then ¢, is a lower
approximation of .

Proof. 1) We reuse the definitions and notations of the previous lemma, that is, there exist
partial computable functions (v;);en and an integer r € N'U {oc} which satisfy the points of
the lemma. Let us define the function p' : B* — R U {oo} as:

p(z) = sup v;(z)

0<i<r

The function g’ is a semimeasure. Indeed, the semimeasure properties of the v; (namely
vi(e) < 1 and vi(x) > v;(x0) + v4(x1)) are preserved by taking the supremum. Let us
introduce the notation v;(z)[k] corresponding to the result of the computation of v;(z) if it
halts in at most k steps. Let us set, for all z € B* and k € NV:

Gse(, k) == max ({0} U {r;(x)[k] | 0 < i <k and v;(z)[k] is defined})

Let us verify that ¢,. is a lower approximation of p/'.

Let us justify that ¢,. is total computable. For fixed inputs z, k and i, the computation
vi(x)[k] requires a finite number of steps. Thus, knowing that 0 < i < k, the number of steps
to calculate ¢y.(x, k) is therefore finite.

Let us justify that ¢s.(z, -) is non-decreasing for all z. The function ¢,. seeks the maximum
of a set that grows in the sense of inclusion with respect to k. Consequently, ¢s.(z,k) <
¢se(z, k+ 1) for all k.

It remains for us to prove that limy_,o ¢sc(z, k) = p/(x). Let z € B*. By construction,
each v;(x)[k] is less than or equal to v;(z), which is itself less than or equal to p'(x). Thus,
Ose(x, k) < p/(z) for all k, and the limit is bounded by p/(z). Conversely, for all y < u/(x),
there exists by definition of the supremum an iy < r such that v;,(x) > y. The computation of
Vi, (x) being a terminating procedure, there exists a number of steps kq after which it produces
this result. Then, for all k& > max(ig, ko), the term v;,(z)[k] is defined and equal to v;,(x).
Therefore, for these k, we have ¢g.(z, k) > v;,(z) > y. Since this is true for all y < p/(z), the
limit is equal to /().

2) Assume that ¢j, is a strict lower approximation of a semimeasure p. According to
point 3 of Lemma 2, this hypothesis implies that » = co and that for all x € B*, the sequence
(v;(x)) converges to u(x). In this case, the semimeasure p’ constructed above is p:

W (x) =supy;(z) = lim v(x) = p(z)

>0 1—00

Since we have established that ¢, is a lower approximation of pi,,, it is consequently a lower
approximation of . [ |
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Definition-Theorem: Compact enumeration of lower approximations of Il,,

We call a compact enumeration of lower approximations of semimeasures a total com-
putable function mg, : i € N (Psm.i) € (Ts) such that

‘v’,u € Hsm; El?' € N; 7Tsm<i> - <¢sm,i> and (bsm,i l_C> M

with the convention that ( ¢, ;) is the code of a Turing machine in ( 7. ) that computes
the function @gy, ;.

-

Proof. Let m;; be an effective enumeration of (7,5 ). Let us set 7, a computable function
with the following behavior:

For an input i € N:

— Assign (¢,;) + s (i).

. « (T)=(Tsc)
— Apply the Mapping (¢}.;) ——— ( Gsm.i )-

— Accept the input with (¢, ) as output.

Let us prove that 7;; is a compact enumeration of (7,5 ). Let ¢y, be a lower approximation of
a function f. By definition of 7, there exists i € N such that 75 (i) = (¢, ). Thus according

to the Mapping, (¢, ) is the code of a lower approximation which satisfies ¢, ; Le p. N

1.1.3 Universal lower semicomputable semimeasure

Definition-Theorem: Universal semimeasure

A function M : B* — R U {oco} is a universal semimeasure if it satisfies the following
two conditions:

1. M is a lower semicomputable semimeasure (i.e., M € Il,,).
2. For every semimeasure p € Il,,,, there exists a constant ¢, > 0 such that for all
r € B*:
M(z) > ¢, - p()

Moreover, such a universal semimeasure exists.
- J

Proof. Let m : i — (¢gsm;) be a compact enumeration of lower approximations. Let

Dsm.i LN p; for every integer i. We then have that (¢gm.i)icn is an enumeration of all lower
semicomputable semimeasures. Let a : N'— R* be a function in II » lower approximated by
¢ and satisfying a(i) > 0 for all ¢ and ) (i) < 1. Such a function exists, for example
the computable function a(i) = 27+1. Let us define the function M by:

o0

M(z) = ali)u(x)

i=0
Let us show that M is a lower semicomputable semimeasure and then that it is universal:

Let us justify that M € Il,. For this, let us set the function ®(z, k) := Zf:o Galt, k) Psmi(x, k)
and show that it is a total lower approximation of M. We already have, for any string x, that
®(z,-) is non-decreasing by monotonicity of ¢, and ¢y, ;(x,-). We obtain by letting & — oo:
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o« M) = ¥, aliule) < ¥, a() < 1.
o M(20) + M(x1) = 5, i) (1:(0) + pi(21)) < 3, ali)pus(x) = Ma).

Let us justify that M is universal. For any semimeasure p; € Il,,, and any string x € B*,

M(z) =) a(i)ui(x) > alj)u;(z)
Let us then set ¢; = a(j), we obtain M(z) > ¢; - pi(x). [ |

Convention:

In the rest of this course, we set M to be any universal lower semicomputable semimea-
sure.

1.2 Solomonoff Semimeasure

1.2.1 Definitions

Let M,,; be a monotone Turing machine. The Solomonoff semimeasure associated with
M,t, denoted by Ay, is the function from B* to [0, 1] defined by:

)\Mmt ($) = Z 2*5(1’)

[p| Mt (p)=a*]

This function is a lower semicomputable semimeasure. The set of semimeasures thus
defined is denoted by Ilg,;.

Proof. Let M, be a monotone Turing machine. For any string y € B*, we denote S, =
{q € B* | M,,x(q) = y*} and P, = |5, ] the set of minimal programs in S, for the prefix order.

The first condition, Ay, ,(€) < 1, is a direct consequence of Kraft’s inequality. The set P,

is, by definition of |-, a prefix-free set. Thus, ZpePe 2t < 1.

It remains to demonstrate the second condition, Ay, (z) > Aaz,,(20) + Ay, (1) for all
r € B*. We first establish that the union P,y U P,; is a prefix-free set. The sets P, and
P, are disjoint, because the output of a single program cannot simultaneously start with
the incompatible prefixes 0 and x1. Moreover, no element p; € P,y can be a prefix of an
element py € P,y (or conversely). Indeed, if p; <, pa, the monotonicity of M,,; would imply
Mot (p1) <p Mypi(p2), which would contradict the incompatibility of the output prefixes z0
and z1. Since P,y and P,; are themselves prefix-free, their union is also so.

Let us next show that every string in P,y U P,; has a prefix in P,. Let p € P,y U P,1.
By definition, M,(p) starts with z0 or x1, therefore p € S,. The set {t € S, | t <, p}
is non-empty (since it contains p) and finite. Let p’ be one of its minimal elements for the
order <,. By construction, p’ € S, and p’ <, p. Moreover, p’ is necessarily an element of P,.
Suppose, for the sake of contradiction, that p’ ¢ P,. Then, by definition of P,, there would
exist a proper prefix s <, p’ such that s € S,. By transitivity, s <, p, which would contradict
the minimality of p’ in the considered set. Therefore, p’ € P,.
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Let us show that U,cp. up,, I'n © U,ep, I'p- Let I'y be a cylinder in the left union, with
p € Py U P,. According to what we have shown in the previous paragraph, there exists a
p’ € P, such that p’ <, p. We then deduce the inclusion of the cylindersI', C I')y. Asp’ € P,,
the cylinder I'), is itself included in the right union. Consequently, I', is also included in the
right union, which proves the global inclusion.

Since P, and P,y U P, are prefix-free sets, the cylinders in each union are disjoint. The
value of Ay, , thus coincides with the measure of the corresponding union. We have:

A () = > 2700 = ) < U rp,)

p'EP; p'E€Py

and, using that P,y and P, are disjoint,

At (20) + Aa (1) = ) 2“?>—A< U rp>

PEProUPr1 PEProUP;1

The monotonicity of the measure A, applied to the inclusion of the unions of cylinders, then
leads to the sought inequality:

)\Mmt (CCO) + )\Mmt (x]‘) S )\Mmt (x)

This completes the proof that Ay, is a semimeasure. |

1.2.2 Ilg, C I,

Let (Lg)ken be a sequence of languages in B* increasing in the sense of inclusion. Let
us set L = J,cp L and Ay = I',. Then:

€Ly

1. The sequence of sets (Ag)gen is increasing for inclusion.

2. The limit of this sequence is limy_,oo A = UpELLJ r,.

Proof. 1) Let w € U,. By definition, there exists p € |Lj| such that p <, w. Since
Ly C Lgyq1, we have p € Lgyq. There exists therefore a minimal prefix ¢ € | Lg,1| of p, such
that ¢ <, p. By transitivity, ¢ <, w, thus w € I'j C Ay1;. The inclusion Ay C Agiq is thus
demonstrated.

2) The sequence (Ay) being increasing, its limit is its union. The equality to prove becomes:

Ua=UT

keN pe|L]

We demonstrate it by double inclusion:

C : Let w € |J,, Ug. There exists k and p € | L] such that p <, w. Since p € L C L,
there exists a minimal prefix ¢ € | L] such that ¢ <, p. By transitivity, ¢ <, w, which implies
w E Up’ELLJ Fp/.

Dt Let w € U,e ) I'p- There exists p € [L] such that p <, w. By definition of [L], we
have p € L and no proper prefix of p belongs to L. As L =, Ly, there exists a rank ko such
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that p € Lg,. Moreover, no proper prefix of p belonging to L, consequently none belongs to
Ly,. These two points are the very definition of p € | Ly, |. Thus, w € I') C Ay C U, Ax. W

Theorem: Ilg, C I,

For any monotone Turing machine M,,;, the Solomonoff semimeasure A\, is lower
semicomputable.

Proof. Let M,,; be a monotone Turing machine. Let ¢,. operate as follows:

For an input (z,k) in (B*, \/) do:

— For pg, p1, ... in lexicographical order, assign
Py {pi | © <p Mpy(pi | k) and 0 < i < k}

— Calculate | P;] then write ) 274P) as output before accepting.

PE| P

Let us justify that ¢g. is total computable. Consider the call ¢4.(x, k). The assignment
of Py requires the computation of M, (p; | k) for 0 < ¢ < k which requires a finite number
of steps. The computation of | P;] is effective: Keep the first element of Py only if all other
elements of P, are not compatible with the first. Do the same with the second, the third

. until the last. The set of kept elements is then | Py |. Finally, the output _ P 24P s

calculated before acceptance. The call ¢,.(z, k) terminates.

Let # € B*. Let us denote P, the sets assigned in the calls ¢y.(z, k) for k € N. We
note that (P;)ren is increasing by inclusion, and its union P := |J, Py is precisely the set
{p € B* | M,,+(p) = xx}. This will allow us to apply the previous lemma in what follows.

The output of the machine is ¢g.(x, k) =D 2-!) | By definition:

pE| P

doclz, k) =X | T,

PE| P

Moreover, the Solomonoff semimeasure is written A, (2) = MU,e |z, I'p). Let us show in
the following that ¢, is a lower approximation of Ay, ,:

e Let us prove that ¢,.(z, -) is non-decreasing. According to point 1 of the previous lemma,
the sequence of sets Ay := |J, .p, I'p 18 increasing for inclusion. By monotonicity of

the measure A, the sequence of their measures (A(Ag))gen is non-decreasing. Now,
dse(x, k) = AM(Ag), therefore ¢g.(x, k) < dge(x, k + 1).

e Let us prove that limg o ¢sc(z, k) = Apg,,(z). By continuity of the measure on an
increasing sequence of sets, the limit of the measure is the measure of the limit:

lim doo(z, k) = lim A(A) = A (nm Ak>
k—00 k—o00 k—o0
Using point 2 of the previous lemma, we deduce:

Jim Ae= U T

pe|P]
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Combining these two equalities, we obtain:

klggo Pse(w, k) = A U Iy | = Av,e (2)

pe|P]

In summary ¢s. is total, non-decreasing with respect to its second component, and converges
to A, (). It is therefore a lower approximation, which proves that Ay, € . [ |

1.2.3 Ilg, D I,

Let ¢5. be a compatible increasing dyadic approximator. Let Ag(z) = ¢p(x, k) —
on(x, k — 1), with the convention A_;(z) = 0. For all k € N and = = z122...2; € B*,
by recurrence on 0 < ¢ < [, let us also set

nari) = {5000 i1 =0
e Vk(l’m) + Ak(ﬂimo) ifr; =1

where v () 1= Zf;é Aj(e) and 1,0 := . We then define the sets:

Ok(z) := [wk(x), ve(z) + Ag(x)] and O(x) := U O (x)

We then have for all z,y € B* and k € N that
L z2<,y = O(y) C Ou(x)
2. VK £k, O(z) N Ow(y) = 0
3. z,y incompatible = O (z) N Ok(y) =0
4. AMOk(x)) = Ax(x)

5. v(x) is dyadic and ©y(x) has dyadic endpoints (i.e. of the form [, 2”—/,[)

Proof. Let z,y € B* and k € N. Let us show the points of the lemma in order.

1) Assume x <, y and let us show that ©,(y) C Ox(z). Let 0 € B* \ € such that y = zo.
We proceed by induction on the length of o:

Base case (|o| = 1): Let y = xo with |o| = 1. We thus have o € B, that is to say two
possible cases:

- If 0 = 0 then y = z0. Exploiting the definition v4(20) = v(x) we obtain
Ok (20) = [k(20), v(20) + Ag(20)[= [vr(x), ve(z) + Ag(20)[

By points 3 and 6 of the definition of a compatible increasing dyadic approximation
machine we have respectively Ag(z1) > 0 and Ag(z) > Ag(20) + Ag(z1) which gives

V() + Ak(20) < () + Ag(20) + Ag(zl) < vp(x) + Ag(x)
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Thus we obtain
Ok(20) = [k (), vp(x) + Ap(20)[C [vk(x), vp(x) + Ag(z)[= O(x)
that is ©4(z0) C O(x).
- If o = 1 then y = 1. Exploiting that, by definition, vj(z0) = v(x) + Ax(20) we obtain
Or(z1) = [v(x1), vi(z) + Ap(xl) [= (@) + Ap(20), vio(x) + Ag(20) + Ap(z1) |

However, by points 3 and 6 of the definition of a compatible increasing dyadic approxi-
mation machine we have respectively Ag(z0) > 0 and Ag(x) > Ag(20) + Ag(x1) which
gives

vi(z) + Ag(20) > v(x)

V() + Ap(20) + Ag(zl) < () + Ap(x)

that is O(x1) C Ok(z).

Inductive step (Jo| = n): Assume that for all o of length n > 1 we have O(zo) C Ok(x).
Let y = zob with |o] = n and b € {0,1}. According to the base case, O ((x0)b) C Or(x0).
Moreover, by the induction hypothesis we have Oy (zo) C Og(x). Which, by transitivity of
inclusion, gives ©4(y) C Ok (z) and thus proves the inductive step.

2) According to point 1, for all x € B*, we have ©4(z) C Og(e). It therefore suffices to
show that the intervals ©4(c) and Oy (e) are disjoint for k # k'

Let us set for this Sy := Z;:é Aj(e). By definition, Ok(e) = [(e), vk(e) + Axle)] =
[Sk, Sk + Ak(g)]. The interval can thus be written ©y(g) = [Sk, Sk11]-

Let k k" in N be distinct. Without loss of generality, assume k < k. We then have
k+1 < K. The supremum of the interval for k is sup(©x(e)) = Sky1. The infimum of the
interval for & is inf(O (¢)) = Sy

By definition of Sy, and since A;(e) > 0 for all j, the sequence (Si)ren is increasing.
Therefore, Sg11 < Sk. Thus, sup(O(x)) < Skt < Sp < inf(Op (y)). The intervals O (z)

and Oy (y) are therefore disjoint.

3 ) Assume z,y are incompatible. Let z be their longest common prefix, that is z = 200
and y = z17 (without loss of generality). By definition

{@k(zO) = [1:(20), 1u(20) + Ap(20)[= [ (2), vi(2) + Ag(20)]
Or(z1) = [wk(21), vk(21) + Ax(21)[= [wk(2) + Ak (20), vk (2) + Ag(20) + Ag(21)]

As Ag(20) > 0 we remark O5(20) N O(z1) = (. Moreover by point 1, knowing that 20 <,
xz and z1 <, y, we have respectively O(z) C O(z1) and O(y) C Ok(z1). We deduce
Or(z) N Ok(y) = 0.

4) Let z € B*. By definition of O(z) we immediately obtain the result

AOk(2)) = (wi(w) + Ax(2)) — k() = Ar(x)

5) Let us show that for all z, v4(2) is dyadic and ©(z) is a dyadic interval. Let us proceed
by induction on the size of |z|.
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Base case (|z| = 0): Of course, |z| = 0 implies that z = e. Now, dyadic numbers are
closed under addition and subtraction. Thus v(z) = v(e) == Zf;ol Aj(e) is dyadic and
Ok(2) = [Ve(2), ve(2) + Ax(2)[ is an interval with dyadic endpoints.

Inductive step (]z| = n): Assume that vy(z) is dyadic. By closure of dyadic numbers
under addition, v(20) := vx(z) and vg(21) := v(2) + Ak(20) are dyadic. Thus we have [that]
O(20) = [vk(20),v(20) + Ak(20)[ and O(21) = [v(21),v(z1) + Ag(z1)[ are intervals with
dyadic endpoints, which establishes the inductive step. [ |

Msm=Ilg0;

Algorithm: Mapping ¢, ——— M,

For ¢;. a compatible increasing dyadic lower approximator. Recall that I, corresponds
to the binary interval associated with p € B*. Let us define the Turing machine M,,;
which operates as follows:

Input : p € B*, (and let p := p1ps...p)
Step 1. Assign sequentially:

k- min{j € N | 1, © (Y97 Ale, 1), Y0, Ale )]}
(Obtained by iterating 7 = 0,1,2,... up to the first j satisfying it, denoted
by kp)

= r(e) « (e, kp)

— i+ 0

— §p €

Step 2. Three cases are possible:

(i) Case I, C [k(s;), k(s;) + A(s:0, k) [ then assign:
x k(8,0) « K(s;)
* 811 < 5,0

(ii) Case I, C [k(si) + A(s8:0,kp), k(s:) + A(s:1, kp) + A(s;0, k) [ then assign:
* Kk(sil) < A(s;0,kp) + Kk(s;)
* 841 < 851

(iii) If cases (i) and (ii) fail then:
« Loop forever O M,,,(p)

Write s;41 to output (Appending to the end of the output tape to preserve the
monotonicity of the output), assign i <— ¢ + 1 then Repeat Step 2.

Note that we cannot use the fact that M,,; is a monotone Turing machine in the following
lemma. This is shown in the subsequent lemma.

Let us resume the definitions of v;(x) and O(x) from the previous lemma. Let M, be
the Turing machine defined by the algorithm below for a ¢}.. For k € N and = € B* let
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us set the set
PF={peB* | Myu(p) =x% and I, C O4(z)}

We then have for all kK € N and x € B* that:
1. For all p such that I, C ©k(z), we have k, = k.

2. For all p such that I, C Oy(x), we have M,,:(p) = xx*.

3. | L = 6nla).

pEP}
Proof. Let ke N and z = x;...2; € B*.

1) Assume [, C ©4(x). By step 1 of the algorithm, k, is defined as the smallest integer j
such that I, C |37 A(e, 1), S0_, Ale, t) [ By definition of the intervals O, this condition
is Ip C @kP(E).

On the other hand, our initial hypothesis is I, C Oy(z). Since ¢ <, x, point 1 of the
lemma ” Construction of dyadic interval” guarantees that O(xz) C ©(e). By transitivity of
inclusion, we therefore have I, C Oy(e).

We have thus shown that [, C Oy, (¢) and I, C O(e). Now, point 2 of the lemma
”Construction of dyadic interval” states that the sets ©,(¢) are disjoint for j # j'. Since I, is

a non-empty interval contained in their intersection, it is necessary that the indices be equal.
Thus, k, = k.

2) Let p € B* and assume [, C O(x). Let (s;); and x(-) be the variables assigned in
the call M,,:(p). We will show by induction on i € {0,...,l} that the algorithm successively
generates the prefixes of x. Let us set the loop invariant Z(7), which is verified at the beginning
of iteration ¢ + 1 of step 2:

I(i): s =mx14, k(Si)=w(s), and I, C Ok(s;)

Initialization (i = 0): By step 1 of M,,; we necessarily have
® So =& =710
e k, =k (according to point 1). Thus x(e) = ¢}.(c, k) = Z?;é Aj(e) = v(e) = vi(so)

e The hypothesis I, C O(x) and the fact that x10 = ¢ <, x imply I, C O(x) C
Or(x1:0) = Ok(s0)

The invariant I(0) is therefore verified.

Inductive step (0 < i < [): Assume the invariant Z () is true, that is s; = x4, k(s;) =
v(s;) and I, C Ok(s;). Since i < [, the algorithm must necessarily still write bits to the
output, hence the exclusion of case (iii), (because this case implies that & M,,; loops forever
without writing any more to the output). We then have the execution of either case (i) or
case (ii) to produce the next bit, x;,1:

e Case x;41 = 0: By the invariant (i) we have I, C O(xy,;). Moreover, by the inclusion
Ok(z) C Ok(x1441) (by point 1 of the lemma ”Construction of dyadic interval”), this
gives I, C Op(21.i41).
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By definition of O(x;,0) and using Z(7) and vy (x1,,0) = vk(x1.), we have:
Ok(21:40) = [Vk(21:4), v (214) + Ar(2140)[= [K(80), £(8:) + Ar(s:0)]

This is precisely condition (i), hence its execution:

Sit1 < 80 = T1.441
K(Siv1) < K(s;)

We then have by definition of vy that x(s;11) = vg(21.441). The conditions of Z(i + 1)
are verified.

e Case x;41 = 1: By the invariant (i) we have I, C O(xy,;). Moreover, by the inclusion
Ok(z) € Ok(x1441) (by point 1 of the lemma ”Construction of dyadic interval”), this
gives I, C Op(21.i41)-

By definition of ©(z1,1) and using Z(7) and vg(x1,;1) = vg(z14) + Ag(21,,0), we have:

Or(r1,41) = [Wr(21:) + Ap(2140), ve (1) + Ap(21,0) + Ag(x141)]
= [R(Si) —+ Ak(SZO), l€(51'> + Ak(Slo) + Ak(Szl)[

This is precisely condition (ii) of M,,, hence its execution

Siv1 < Sil = X101
K(Sit1) < K(si) + Ag(s;0)

We then have by definition of vy that k(s;11) = vg(21.411). The invariant Z(i + 1) is
verified.

Moreover, at the end of step 2 we have the writing of s;.1, that is to say in this instance
Z1i+1. We therefore indeed have that the output of M,,;(p) is a word that has x as a prefix,
that is My, (p) = .

3) We must show the equality of sets |, pr 1, = O (x) by double inclusion.

C: Let p € PF. By definition of P¥, we directly have I, C ©(z). The union of the I, is
therefore contained in O (x).

DO: The set O (x) is a semi-open interval whose endpoints are dyadic numbers (according
to point 5 of the lemma ”Construction of dyadic interval”). By a lemma on intervals with
dyadic endpoints, there exists a finite prefix-free set () C B* such that:

Ok(z) = U Iy

PeEQ

To prove the inclusion, it therefore suffices to show that for all p € Q we have p € P%. Let
p € Q. By construction of @), we have I, C Oy(z). This is the second condition for p to
belong to P¥. According to point 2 of this lemma, the condition I, C ©(x) implies that
M,:(p) = x*. This is the first condition for p to belong to P*. Both conditions being fulfilled,
every p € @ is an element of P*. We thus have Q C P*. Consequently,

o) =JLc UL

peEQ pEPk
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Let M,,; be the Turing machine defined by the algorithm below for a ¢}.. Then, M,
is a monotone Turing machine.

Proof. 1) Output monotonicity: This is immediate. For any call M,,;(p) at each iteration
of step 2, the output s;,; is formed by appending a bit to the end of s;. The output sequence
is therefore increasing with respect to the prefix relation <,.

2) Input monotonicity: Let p,p’ € B* such that p <, p/, which implies I,, C I,. Let (s;);
be the variables assigned in the call M,,;(p) and let (s}); be those assigned in the call M, (p’).

Before proving the result by loop invariance, let us show that & = k,: By step 1 of M,
the indices £, and k, are

kp = min{j | I, C ©;(e)}
by = minj | I € 0,(2)}

We thus have I, C ©y,. Since I,y C I,, we also have I,y C O, (¢). The interval I, is therefore
contained in the intersection Oy, () N Oy, (¢). As the intervals ©;(¢) are disjoint for distinct
indices j (Previous lemma, point 2), this imposes that k, = k. Let us then set in the
following k := k, = k.

Let x = M,+(p), thus z [is] potentially of infinite length. Let us set the invariant Z(i) at
the beginning of iteration 0 < i < ¢(x) of step 2:

Z(i): si=s; N Ly CI,COs;)

Base case (i = 0): By step 1 we have sy = s; = €. Furthermore, we have already shown
that k, = k, = k, which implies I, C ©4(¢) and I,y C Oy(e). Given that I,; C I,, we indeed
have I,y C I, C O(c) = Oy(sg). The invariant Z(0) is therefore verified at the beginning of
step 2 at iteration ¢ = 0.

Inductive step (i — ¢+ 1): Assume Z(7) is true for some i < |z|. This means that M,.:(p)
must necessarily write an additional bit. To do this, we must have either I, C ©(s;0) or
Ip C @k(szl)

o [, C O4(s;0): Case (i) was selected by M,+(p), that is, the assignment s;;; — ;0 will
take place. By Z(7), we know that [, C I,. By transitivity, I, C Oy(s,0) = O(s;0).
Now, the intervals ©(s;0) and O (s;1) are disjoint, by a preceding lemma, thus M,,;:(p’)
will necessarily perform the assignment s, ; < 5;0. We therefore indeed have Z(i 4 1)
true.

e [, C ©k(s;1): The argument is identical. Case (ii) was selected by M,,.(p), that is, the
assignment s;q < s;1 will take place. By Z(i), we know that I, C I,. By transitivity,
Iy, C Ok(s;1) = Ox(s;1). Now, the intervals Oy(s;1) and O(s;0) are disjoint, by a
preceding lemma, thus M,,,(p’) will necessarily perform the assignment s, < s;1. We
therefore have Z(i 4 1) true.

Conclusion: By induction, for all i < |z|, the i-th bit of M,,;(p’) is identical to the i-th bit
of M (p). This implies M, (p) <, My (p'). [ |
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Theorem: Ilg, D I,

Assume that we have at our disposal the following elements,

e Let ¢). be a compatible increasing dyadic lower approximator of the lower semi-
computable semimeasure .

e a monotone Turing machine M,,; constructed according to the algorithm below
for ¢.

Then we have
Ve e B\ e, ulx)=Ay,,(2)

Proof. For all z € B*, the convergence of ¢}.(x,-) to u(x) can be written as the sum of a
telescoping series:

p(x) = lim ¢ (z, i) = ZAk (1)

1—00

By point 4 of the lemma ” Construction of dyadic mterval”, we have Ay (z) = A(O(x)), which

yields:
= Z AOk(z)) (2)
k=0

The lemma ” M,,; corresponds to ©,” establishes that O(z) = UpePk I,. By taking the
Lebesgue measure, we obtain (O (z)) = A (Upepk Ip>. Substituting into (2):

=> M UL|] ©

peEP

The sets O (z) are disjoint for distinct indices k. Consequently, the union of the sets of
intervals (J, pi Ip is also disjoint (with P¥ defined as in the corresponding lemma). We can
therefore swap the sum and the measure:

JU :A(ufp) o

k=0 pe Pk pEP;

where P, :=|J, PF is the set of all programs for which M,,(p) has prefix z. By applying a
lemma on ”the measure of the union of dyadic intervals” to equation (4), we obtain:

A(U 1p> YL = > 2
pEP; p'€| Px p'E|Px|

This last sum is, by definition, the Solomonoff semimeasure Ay, ,(x). By relating (4) and (5),
we obtain:

() = Aa, (7)

1.2.4 Universal Solomonoff Semimeasure



20 CHAPTER 1. ALGORITHMIC "SOLOMONOFF” PROBABILITY

Let U be a universal monotone Turing machine. The universal Solomonoff semimeasure
is the Solomonoff semimeasure associated with the machine U,

Ve e B*, \(z) = Z 2~ 4P)
Lp[U(p)=a+]

We denote by Us,; the set of universal Solomonoff semimeasures.

1.2.5 U, =Us,

Theorem: U, equals Us,,

For any universal monotone Turing machine U we have for all x € B* that

log M(x) = log \y(x) + O(1)

Proof. Let U be a universal monotone Turing machine.

< : We have that M is a lower semicomputable semimeasure. By the previous theorem
there exists a monotone Turing machine M,,; such that for all x € B* we have Ay, ,(z) =
M(z). For I the encoding associated with U, there exists an ¢ such that M,,.(p) = U(I(i)p).
Let us set the sets A := {p | M+(p) = xx} and B := {I(i)p | U(L(i)p) = x*}. Let us show
that
VpeB*: pel|A| < I(i)pe€ |B]

= Consider a p € |A]. By definition of a universal monotone Turing machine we have
U(I(i)p) = x*. This means that I(i)p € B. It suffices to show that I(i)p € |B]. For
this, let us reason by contradiction and assume that [(i)p ¢ |B]. Necessarily there
exists p' € B such that I(i)p’ <, I(i)p. This implies p’ <, p. Now, knowing that
U(L(3)p") = Muu(p') = xx we have p,p’ both in | A], which by definition of a minimal
prefix language is a contradiction. In summary p € | B].

<= Consider a p € |B]. By definition we have U(I(i)p) = M, (p) = x*. This means
p € A. It suffices to show that p € |A|. For this, let us reason by contradiction and
assume that p ¢ |A]. Necessarily there exists p’ € A such that p’ <, p. This implies
I(i)p" <, I(i)p. Now, knowing that U(1(2)p') = M, (p’) = x* we have I(i)p and I(i)p’
both in | B], which by definition of a minimal prefix language is a contradiction. In
summary p € |A].

We can therefore write

L) . )\ () = 210D 3 9—(p)
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< Au(x)
As M(z) = Ay, (), by setting C' = 27(®) we obtain the inequality
C-M(z) < ()

> . As shown previously, every Solomonoff semimeasure is lower semicomputable, which
means that Ay is in Il,,. Thus, as M is a dominant universal semimeasure, there exists C' > 0

such that
Ve e B*, M(z) > C - \y(x)

1.3 Bayesian Mixture

1.3.1 Definition

Consider the following elements:

e A countable set V = {1;}2, of lower semicomputable semimeasures for which
there exists 7 : ¢ € N = (¢smi) € (Ts) an effective enumeration of lower
approximators satisfying,

le
Vv, €V, Qemi — Vi

e A lower semicomputable function w : N +— R satisfying w(z) > 0and ),  w(i) <
1.

We then call Bayesian Mixture the function &, : B* +— [0, 1] defined for all z € B* by

Eop(r) =Y w(i) - vi(w)

ieN

We then denote by Ilgqyes the set of Bayesian Mixtures.

1.3.2  payes = g

Theorem: Ilggyes equals 11,

The set of Bayesian Mixtures is equal to the set of lower semicomputable semimeasures.

Proof. C : Let &,y be a Bayesian Mixture with ¢, ; LN v; and ¢, % . Let us then set
the function such that for all (x, k) in (B*, /') we have

k

CI)(Z)S, k) = quw(i? k) : gbsm@(x?k)

=0

Note that ® is totally computable and non-decreasing. We also have that ®(z,-) is non-
decreasing because ¢y, (i, -) and ¢gp, i(x, ) are. Moreover limy_, ®(x, k) = &,y () for all x €
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B*. Thus we already have that &,y is lower computable. Let us now show that &, () < 1.
As v; is a semimeasure we have v;(¢) < 1, which gives:

§wy(e Zw Vi(é‘)Ssz <1
iEN 1EN

We still need to show for all x in B* that &,y (z) > &, (20) + £uy(z1). We will use the
fact that v; is a semimeasure for this. For = € B*,

Eor(e) =) w(i) vi(x)

ieN

> Z [ (20) + v;(x1)]
ieN

EZw( - v;(20) —1—2 vi(x1)
1EN iEN

= gw,V(xl) + gw,V(IO)
We therefore indeed have that &,y is a lower semicomputable semimeasure.

D : Let pu be a lower semicomputable semimeasure. It suffices to set for all © € N the
functions w(i) = 5 i+ and v; = u. We then verify for any string z that,

Euv(e) = Y wli) ue) = 3 oy la) = 7 ) = p(a)

ieN ieN 1- 1/2

1.3.3 Universal Bayesian Mixture

A Bayesian Mixture §,y is said to be Universal if V equals the set of lower semi-
computable semimeasures (i.e. V = Ilg,). The set of Universal Bayesian Mixtures is
denoted by Upqyes-

1.3.4  Uyy C Upayes

Let L = J,cn Li, where L; are languages in B*. Assume that for ¢, j € N with ¢ # j,
all z € L; and all y € Lj, any x and y are incompatible, then

= Iz
ieN
Proof. Let us proceed by double inclusion.

C : Let € J;cpr[Li]. By definition of a union, there exists an index k¥ € N such that
x € |Lg]. To show that € | L], we must then verify that x € L and that no proper prefix
of x belongs to L.
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Since x € | Ly |, we have x € Ly. As L, C L, we deduce that = € L. Suppose, for the sake
of contradiction, that there exists a proper prefix y <, x such that y € L. Since u € L, there
exists an index j € N such that y € L;. Two cases are then possible:

e If j = k: We have y € L, with y <, x. This contradicts the hypothesis = € | L.

o If j # k: We have z € Ly, y € L;, and y <, x. This contradicts the hypothesis of
incompatibility between the languages Lj and L.

The hypothesis that a proper prefix of = is in L is therefore false, that is to say that necessarily
we have z € |L].

D Let z € |L;]. Suppose by contradiction that x ¢ |L|. Since x € L, there then
necessarily exists a y € L satisfying y <, x. There also exists a j such that y € L;. Moreover,
knowing that z € |[L;|, we must have that j # i. We then have a contradiction because
the assumption of the lemma states that x and y are incompatible by incompatibility of the
languages L; and L;. In summary, we have just shown by contradiction that x € |L]. |

Theorem: Usy C Upayes

For every universal monotone Turing machine U there exists a Universal Bayesian Mix-
ture &,y such that

Vee B\ e, &uv(x)= A (2)

Proof. Let I be the prefix encoding associated with U. Let x € B* \ e. We obtain the first
equality below because if the input e ¢ {I(i)p | i € N,p € B*} then U(e) = ¢, then by setting
L; = |I(i)p | U(I(i) p) = x*] in the preceding lemma:
lp | U(p) = x| = [1(:) p | U (')p) = %]
= Jl@)p|u(1()p) = 2

iEN

Let us show the following equivalence for i € A and the sets A := {I(i)p | U(I (i) p) = xx*}
and B := {p | My, = wx}:
I())p e [A] <= pe|B]

Before showing the double implication, note that [f] : I[(i))p € A <= p € B and also
B0 <pp = 1(i)p" < 1(i)p.

—> Assume [(i)p € |A]. This implies (i) p € A, thus p € B by {. Suppose for the sake of
contradiction that p is not minimal in B. There would exist p’ € B such that p’ <, p.

—peB = I(i)p € A (by 1).
— P <pp = I(i)p' <, 1(i)p (by ).
This contradicts that I(¢) p is minimal in A. Thus p € | B].

<= Assume p € |B]. This implies p € B, thus I(i)p € A by f. Suppose for the sake
of contradiction that I(7)p is not minimal in A. There would exist ¢ € A such that
q <, I(i) p. Since the encoding is prefix[-free|, ¢ must be of the form I(7) p’

—q=10i)p e A = p' € B (by 7).
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4 < I()p = 1@)p < I())p = P <, p (by 1)
This contradicts that p is minimal in B. Thus I(i)p € | A].

For all x € B* we obtain

Ao(z) = Z 9—t(p)

Lp[U(p)=m+*]

-y 3 9—(I(i)p)

iEN ()p|U(I(i) p)=a]

S s LU S

1EN Lp'Mmt,i(p):x*J
_ Z 9—¢I(@) )\Mmm_ (z)
eN

The second equality comes from the union, the third from the equivalence and factoring the
term 27U out of the sum, and the last equality by g, D Ilj, proved previously. Let us
now set

w:i €N — 27U0)
V = {)\Mmt,i }7?20

We can then verify that £, is indeed a Universal Bayesian Mixture:

e The M, ; form an enumeration of monotone Turing machines, that is ILso; = {Aaz,,,. }i2o-
Now we have Ilg,; = Il,,, therefore V = Il,,,.

e Since {I(i) | i € N} forms a prefix-free language, by Kraft’s inequality > .\ w(i) =
S ien 27U < 1 and moreover trivially w(i) > 0.

In summary, we indeed have that &, 1 [is] a universal Bayesian mixture such that

Vee B\ e, &uv(x)=(2)

1.3.5 Z/[Sol D) uBayes

Let w : N+ [0, 1] be a lower semicomputable function satisfying Y.\ w(i) < 1 with
w(i) > 0. There then exists a partially computable function p : (N, N') — N such

that for all 1 € N .
w(i) = Z 9—r(i.5)
=0

Proof idea. Since w(i) = limy_,oo Mic(i, k), we can write w(i) as a telescoping sum:
w(z) = Mlc(i, 0) + (Mlc(i, 1) - Mlc(i, O)) + (Mlc(i, 2) - Mlc(i7 1)) + ...

The algorithm computes the dyadic decomposition of each term of this sum (&, = M;.(i, k) —
M.(i,k — 1)) via the function Exp, then collects all the exponents. We then define o(i, j) as
the j-th collected exponent. Thus Y77 27°(13) equals w (7). [ |
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Let w : N'+]0, 1] be a lower semicomputable function satisfying >, w(i) < 1. There
exists a total computable function p : (N, N') — N such that for all i € N:

w(i) = Z 9—r(i.5)
j=0

Proof. For all « = m/2" a strictly positive dyadic rational number, we define the sequences
(02)ien and (s%)ien by the following recurrence: Assign 6§ = « and for all t € N

1. If 67 = 0, then 67 ; = 0. In this case, s{' is not defined.

s =min{s e N | 275 <2}

2. Ifop > 0: ¢ 0 oo
Ofyy = 0f —27%

Let us show sequentially: 1) that there exists a unique integer N, € A such that 6% _,, =0
and oy > 0 for all k£ < N,; 2) the following relation is satisfied o = Z,ivio 275k,

1. Note for 6% > 0 that the relation 67, = 6 — 275 implies 6, < 7, since 275 > 0.
The sequence (09); is therefore strictly decreasing as long as it is positive.

Let us prove by induction that for all ¢ > 0, if J;* > 0 then 47 is an integer multiple of
27", The property is true for ¢ = 0. Assume it is true for a rank ¢, that is 63 = m;/2"
for some m; € N',m; > 1. By the minimality of s&, we have 2= =1 > §®. Thus:

my

2*(3?*1) > 57?‘ — 2_n Z 2%

The inequality 271 > 27" implies —(s& — 1) > —n, or s¢ — 1 < n, and thus s& < n.
Since s < n, the integer n — s{' is non-negative. We can then write:
o ca  o_sx My 1 _mt—Q”_S?
O =0 =27 = - —ow =5
Let myq = my — 275 . As m,; and 275 are integers, m,4 is an integer. The property
is thus verified at rank ¢ + 1, which completes the induction.

We then have that the sequence of integers (my);>¢ defined by m; = ¢ - 2" is, as long
as my > 0, strictly decreasing because my 1 = my — 2" and 2"7°¢ > 1. A strictly
decreasing sequence of natural numbers must necessarily reach 0 in a finite number of
steps. There therefore exists a first integer, denoted N, + 1, such that my_,; = 0. This
implies 0%, ; = 0 and that for all £ < N, o7 > 0.

2. By summing the recurrence relation §¢,, — §¢ = —27% for k from 0 to N,, we obtain
by telescoping:
Na Na
Roor =@ =D (00 —67) = = 27
k=0 k=0

Since 0%, ., = 0, we immediately deduce that o = ijﬁo 27 %,

For o in ©7°, the functions t € N' — 62 and t € {0,1,...,N,} — s are totally com-
putable: it suffices to apply the update rules defined above. Note that for a fixed 63 > 0, to
find s{' it suffices to enumerate s = 0,1, 2, ... up to the first one satistying 27° > 0.
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Moreover a € Q% — N, is totally computable by the following procedure: For an input
o € Q7% Enumerate N = 0,1,2,... up to the first one satisfying 6%, = 0. Write such an
N to output then accept.

By definition of a lower semicomputable function, there exists ¢,. a strict lower approxi-
mator of w, with without loss of generality ¢s.(7,0) = 0 for all i. Let us now set for all integers
i,j the a; j = ¢s.(i,5 + 1) — ¢sc(7, 7). We have by closure under subtraction of dyadic values
that o, ; is dyadic. By the strict character of ¢y we have «;; > 0. Let us set the sequence
for all ¢ an integer S; defined as the concatenation of the following sequences:

Si = (3?i70)t€{0,1,...,Nai70} ~ (3?i’1)t€{0,1,...,N%,1} R

Let us set the function ¢ : (N, N') — N which for an input (i,j) returns the j-th element
of the sequence 5;. The function p is totally computable for the following effective procedure:

For an input (4, j). By enumerating K =0, 1,2, ... find the smallest K such that
Zf:o Ny, <Jj < Z;:Bl N, For T = j — Zfzo N, write 55 to output.

We can then verify that p is the function of the statement. For a given integer i:

i 9—o(ij) — Z 9—s
§=0

SES;

o] N‘li,j

=y i
j=0 k=0

= ucli.j+1) = duclis )
=0
J—00

= (i)

Theorem: Usy D Upayes

For every Universal Bayesian Mixture &,y there exists a Universal Solomonoff semimea-
sure Ay such that
Ve €B \ e, Eun(z) = hu(x)

Proof. Let &,y be a Universal Bayesian Mixture with V = {1;}°,. By definition of a

. . . . . . !

Bayesian mixture, there exists an effective enumeration 7y : i +— (@up. ) such that ¢e,; —
v;. For each ¢g,, by a theorem there exists a monotone Turing machine M,,;; such that
AM,... = Vi- We can therefore set an effective enumeration 7' : i +— (M) such that

Also by definition, w is lower semicomputable and satisfies D, w(i) < 1 with w(i) > 0.
Thus by the preceding lemma there exists o : (4,7 ) — k; ; a totally computable function such

that
w(i) =) 27k

i,jeEN
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By the Kraft-Chaitin theorem there exists a prefix Turing machine M and a set of strings
{0i}ijen such that
i/ M(Ui,j) with é(ai,j) = ki,j

We then set a Turing machine U operating as follows
For an input e € B*.
Perform the following steps in sequence:
1. Assign o, such that e = op and 0 € L (M).
2. Enumerate (7,7 ) in (N, V') until finding o = 0, ;.
3. Compute ( M) < (i)
4. For t =0,1,2,... write to output, by appending to the end, M, ;(p | t).

Note by construction that for all ¢, € N and p € B*,
U(0ijp) = Mue,i(p)
Let us now show that U is a universal monotone Turing machine:

- If the input e does not start with a word in L (M) then by step 1 we have O U with
empty output, that is U(e) = e.

- Input monotonicity: Let e <, € be two words in B*. If e does not start with a
word in Lj(M) then the assignment of step 1 fails and the output remains empty,
U(e) = €. Otherwise, the input is of the form e = o, ;p with o, ; € L;(M). We then
have by the non-ambiguity of a prefix-free language that e’ = o, ;p’ with p <, p’. Thus
U(0;;p) = M i(p) and U(o; ;p') = My (p') which by input monotonicity of M, ; gives
Mt i(p) <p Mo i(p'), that is U(e) <, U(e').

- Output monotonicity: By step 4, U(o; ;p) and M, ;(p) have the same output history.
As M, ; is monotone this guarantees the output monotonicity of U.

Let us now calculate the Solomonoff semimeasure \y for = in B* \ e:

Mo(z) = Z 2~(p)

[p:U(p)=xx|

— Z Z 9—4(oi;p)

4,JEN | 04,59 :U(04,jp)=2%]

— Z Z 9—(oi;p)

LIEN [t My i (p)=2%]

— Z 9—(0i;) Z 9—¢t(p)

i,jEN [p: Moe,i(p)=2*]

=Y 2y, (@)

i,jEN
- (S o
ieN \j=0

= w(i)y(z)

ieEN
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= gw,V(x)

The second equality is obtained by remarking that the L;; = {o;;p : U(o;;p) = =} for
i,j € N form a family of incompatible languages because {0; ; }; jen is prefix-free. By applying
a lemma on the union of minimal languages we obtain |\, ;cxr Lij| = U, jepr[Lij]- The third
equality is obtained because for all i, j we have U(o; ;p) = x* if and only if M, ;(p) = zx.
The rest of the equalities are straightforward. |

1.4 Solomonoff’s Induction

This part is not finished yet.

1.4.1 Posterior Probability

Let u be a measure; we define the conditional probability of y € B* given x € B* as,

py | z) = ()
1.4.2 Entropic Inequality

Let P be a discrete probability measure () .5 P(a) = 1) and @ a discrete semimeasure
(> _4ep @(a) < 1), both defined on the same discrete set B. We then define the distances:

o H(P,Q) =) ,cp <\/P(a) - \/Q(a)>2 the Hellinger distance.

¢ D(P || Q) =3, Pla)In 5% the Kullback-Leibler distance.

With the convention 01n(0) = 01In(3) = 0.

Using P and () again, we have the following inequality:
H(P,Q) < D(P || Q)

Proof. For all z € R>? we have by concavity of the logarithm Inz < z—1 for all z > 0. For
all a € B such that P(a) > 0, let z = \/Q(a)/P(a). The inequality becomes:

o)\ _ e
1“( P<a>>S Pla)

Let us multiply by —2P(a) (which is negative), which reverses the direction of the inequality:

Q(a) Q(a)
—2P(a)In ( P(a)) > —2P(a) ( Pla) 1)
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P(a)In ((gggi)_ ) > —2y/P(a)Q(a) +2P(a)

Pla) o /PO
P(a)In (Q(a)) > 2P(a) — 2
By rearranging the terms of the Hellinger distance,
(VP(a) = /Q(a))* = Pla)=2y/P(a)Q(a) + Q(a) =
a) =2/ P(a)Q(a) = (VP(a) = v/Q(a))* + P(a) = Q(a)
We thus obtain for each a € B (which is also trivially true if P(a) = 0):
w a) — a ’ a) — a
Pl () = (VP@ - V@) + Pla) - Qo
By summing this inequality over all a € B:

> Pla)ng (VP@) ~ Q@) + 3 (Pla) -

a€eB a€B a€B

Which is written:
D(P || Q) > H(P,Q) + (ZP ZQ(a))
a€B a€B

Since by definition > P(a) =1 and > Q(a) < 1, the last term is non-negative:

> Pla)=) Qa)=1-)Y Qa) >0

a€eB a€EB a€EB

We therefore deduce the final inequality:
D(P || Q) = H(P,Q)

1.4.3 Solomonoff Completeness

This part consists notably in using the previous entropic inequality by taking the discrete set
B. In this entire subsection we let 1 be a lower semicomputable measure (not a semimeasure...)
and M a universal semimeasure.

We define for all integers n > 0, respectively the expected squared error and the expected
Kullback-Leibler divergence at step n by:

o Spi= 3w (1) Y e (\/M alz) — \/M(a|93)>2

® Dn = ZxEB"—l M(x) ZaEB /L(CL’.I') In ICI(&IQ)

We then have for all integers n > 1 that S,, < D,,.
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Proof. Let x € B"!. Relying on the entropic inequality H(P,Q) < D(P || Q) demon-

strated previously:
3 <\/P(a) (@ ) <Y Pa

a€eB a€B

By setting P(a) = p(alz) and Q(a) = M(a|z) for a fixed x, we obtain:

> (Virlals) ~ VM) < 3 ol n KZ((')

a€B acB | )

Let us multiply this inequality by the probability u(x) > 0 and sum over all histories z € B"!:

> u@) Y (Vi) - VM@D) < Y ) ulafe) i A0

zeBn ! acB zeBr—1 acB | )

By definition, the left term is S, (the expected squared Hellinger distance) and the right one
is D,,. The inequality S,, < D,, is thus established. [ |

The series of expected KL divergences is finite and bounded by:

Z D, < oo
n=1
Proof. Starting from the definition of D,,, for all m > n:

> p(@im)In (%)

T1:n EB™

-y >, H@inTniim) | In (%)

1.7, €EBM mn+1;m€Bm_n

Tp|T1m—
- Z Z M(xlznxn—s—l:m) In (W)
T1:0€EB™ 21y 1. EBM T n|tlin—1
M(xn|$1:n—1) )
= Tign)In [
Z M( " ) <M(xn|x1:n—1)

xl:mGBm

The first equality follows from the law of total probability u(x1.,) = ZyeBm—” p(x1.,y) where
x1., € B" is fixed. The rest of the derivation consists of reorganizing the sums.
Starting from the sum of the D,,, we have:

C 5 st (Hdn

T1.m EB™ n=1 (xn|~r1n 1>

= 3 ) [Zl (—m‘”l" 1)>]

T1.mEB™ $n|x1:n—1>
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xn|x1n 1
— Z xlm ln (HM xnlxln 1)>

T1.m EB™

= > paim)n (%)

T1.m EB™

The last equality is justified by the chain rule (or telescoping product) for (semi-)measures.
For any sequence x1.,, by defining x1.9 as the empty sequence ¢:

H M(xn’xltn—l) = u($1|€) : :u(x2|$1) o ':u(xm|x1:m—1) = :u(xltm)

and identically for M(z1.,). By definition of a universal semimeasure there exists ¢ > 0 an
integer constant such that Vo € B*, M(z) > ¢ pu(x). We thus obtain

Em: D,< > jpx1m)n (%) <In (%) ;Bm ((Z1:m) < 00

n=1 T1:m EB™

Theorem: Solomonoff Completeness

Let 1 be a lower semicomputable measure. The total sum of expected squared errors is
finite and bounded:

S 3 ute) (VM) — Valin) < oo

t=1 gcBt—1

-

Proof. By the lemma above S,, < D,, for all n > 1. By summing this inequality from n = 1

to infinity, we obtain:
o0 o0
D Sn<) Da
n=1 n=1

The previous Lemma establishes that the series on the right converges; consequently >~ | S, <
oo. Consequently by making S, explicit:

Z > nl@) (M(0]z) — p(0]a)* < o

t=1 zecBt—1
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